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Abstract: We elucidate the relation between Painlevé equations and four-dimensional
rank oneN = 2 theories by identifying the connection associated to Painlevé isomonodromic
problems with the oper limit of the flat connection of the Hitchin system associated to
gauge theories and by studying the corresponding renormalisation group flow. Based on
this correspondence we provide long-distance expansions at various canonical rays for all
Painlevé τ -functions in terms of magnetic and dyonic Nekrasov partition functions for
N = 2 SQCD and Argyres-Douglas theories at self-dual Omega background ǫ1+ ǫ2 = 0, or
equivalently in terms of c = 1 irregular conformal blocks.
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1 Introduction
The non-perturbative formulation of gauge theories naturally links to rich mathematical
structures underlying classical and quantum integrable systems, representation theory of
infinite dimensional algebrae and moduli spaces. This is particularly evident in the context
of N = 2 supersymmetric gauge theories in four dimensions, where a plethora of exciting
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results have been obtained since the seminal work of Seiberg and Witten [1, 2]. A particu-
larly interesting class of such theories, dubbed class S [3, 4], is the one that can be obtained
by compactifying M-theory on R7×Q, where Q is a holomorphic symplectic manifold, with
N M5-branes on R4 ×C, C being a holomorphic two-cycle in Q [5]. Since we are interested
only in the low-energy effective M-theory neglecting the gravity dynamics, we focus on a
tubular neighbourhood of the two-cycle, whose local geometry is described by the total
space of the cotangent bundle T ∗C. In this setting, the Coulomb branch of the resulting
four-dimensional theory is parametrised by the commuting Hamiltonians of an associated
Hitchin’s integrable system, which are the moduli of meromorphic differentials on the curve
C [6].
In this paper, we will consider superconformal and asymptotically free SU(2) gauge
theories, and their Argyres-Douglas points [7, 8] arising from the compactification of two M5
branes, which are described in terms of quadratic differentials with respectively regular and
irregular singularities. We will show that the renormalization group equations for these
theories are described by Painlevé equations. We focus on the strongly coupled phases
of the four-dimensional theories which correspond to the long-distance regime of Painlevé
solutions. This correspondence is shown from the following two complementary viewpoints.
The first consists in identifying the punctured curve C with the auxiliary space where the
isomonodromic problem associated to the Painlevé equation is formulated. Consequently
the Hitchin field gets identified with the connection of the spectral problem and the classifi-
cation of the corresponding Painlevé equations mirrors that of the four-dimensional theories.
Indeed, the coalescence diagram of Painlevé equations is identical to the one obtained in
the gauge theories by puncture collisions. The isomonodromic deformations correspond to
the Whitham deformations of the Hitchin system [9, 10] which are in turn identified in the
four-dimensional theory with the renormalization group equations [11, 12].
The second is the identification of the Nekrasov–Okounkov dual partition function of
the gauge theory with the corresponding Painlevé τ -function. A particularly interesting
class of theories that we consider are the Argyres-Douglas (AD) ones which are recognised
to be in one-to-one correspondence with specific Painlevé equations. The analysis of these
cases leads to new long-distance expansions of the Painlevé τ -functions. This construction,
via AGT correspondence, links the latter ones to irregular conformal blocks of Virasoro
algebra [13–17].
The paper is organized as follows. In section 2 we describe the M -theoretic origin
of the Painlevé/gauge theory correspondence and identify the Seiberg-Witten curves with
the spectral curves of the Painlevé systems. In section 3 we describe new long-distance
expansions of the Painlevé τ -functions, focusing on the ones related to the AD theories
in four dimensions. In section 4 we compute the dual prepotentials of the AD theories
in Coulomb branch in the self-dual Ω-background. Section 5 contains some concluding
remarks and open questions. We collect in the appendices the explicit computations for
the Lagrangian gauge theories in the dyonic phases and the corresponding long-distance
Painlevé expansions.
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2 Seiberg-Witten curves and isomonodromic deformations
In this Section we establish a correspondence between Seiberg-Witten (SW) geometry of
four-dimensional N = 2 class S theories constructed from two M5-branes and the system of
linear Ordinary Differential Equations (ODE) associated to Painlevé equations, along the
following lines:
• we recall the linear ODE problems associated to the Painlevé equations, the Lax pair
in suitable coordinates and the corresponding Hamiltonian functions;
• we recall basic facts about Hitchin systems and their link to 4d N = 2 gauge theories;
• we identify Hitchin’s connection with the connection of the linear system and conse-
quently the SW quadratic differential with the generator of Painlevé Hamiltonians;
• we recall the relation between Painlevé τ -functions, conformal blocks and “dual” in-
stanton partition functions.
2.1 Painlevé equations and isomonodromic deformations
At the turn of the twentieth century there have been repeated attempts to describe ordinary
differential equations in terms of singularities of their solutions in the complex domain.
For nonlinear ODEs this task is quite difficult to tackle, as in general the positions of
singularities and even their type depend on the initial conditions: the singular points become
movable. A more refined version of the problem is to classify the equations with predictable
branching by allowing only movable poles, movable single-valued essential singularities and
fixed singular points of any type. The latter requirement is nowadays known as the Painlevé
property.
The classification of algebraic 1st order ODEs of Painlevé type has been achieved by
L. Fuchs in 1884, who showed that such equations are either reducible to linear ones or can
be solved in terms of elliptic functions. The treatment of the problem is simplified by the
fact that movable singular points of the 1st order equations can only be poles or algebraic
branch points. When the order of an ODE is 2 or higher, one cannot a priori exclude more
complicated movable singularities, such as essential singular points or natural boundaries,
and the problem becomes much more involved. Nevertheless in 1900-1910 P. Painlevé and B.
Gambier undertook an attempt of classifying the degree 1 2nd order ODEs free of movable
branch points. Such equations have the form
q¨ = F (q, q˙; t), (2.1)
where dots denote derivatives with respect to t and F is rational in q, q˙ and locally analytic
in t. The outcome of Painlevé and Gambier studies was a list of 50 equivalence classes
of ODEs, most of which can be reduced to linear equations or integrated by quadratures.
There remain six irreducible exceptional ODEs which became known under the name of
Painlevé equations PI–PVI1.
1See for example [18] for an introduction to the subject.
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Later studies based on the analysis of symmetries [19–23] and spaces of initial condi-
tions [24, 25] led to a refinement of the original classification into ten equations PI, PIIJM ,
PIIFN , PIII3, PIII2, PIII1, PIV, PVdeg, PV and PVI. In this refinement PIII1,2,3 corre-
spond to specializations of the general Painlevé III equation 2 while PVdeg and PIIFN can
be mapped respectively to PIII1 and PIIJM = PII upon change of variables (although the
associated Lax pairs are different), and for this reason we will often not distinguish them.
All these equations are related by coalescence, that is they can be obtained from PVI by
sequences of scaling limits according to the diagram depicted in Figure 1. As it will be
important for our following discussion, let us also mention here that Painlevé equations
depend on a finite number of free parameters as listed in Table 1; the explicit expressions
for all the equations will be given in the next sections and appendices.
VI V
Vdeg
III1
III2
IIV
III3
IIJM
IIFN
Figure 1. Coalescence diagram for Painlevé equations.
PVI PV PIII1 PIII2 PIII3 PIV PII PI
n◦ parameters 4 3 2 1 0 2 1 0
Table 1. Number of free parameters in the various Painlevé equations.
There are two important realizations of the Painlevé equations that will help us under-
stand their connection to supersymmetric gauge theories. The first realization is in terms
of non-autonomous Hamiltonian systems, that is Painlevé equations arise as the equations
of motion of a classical mechanics system with a time-dependent Hamiltonian [26, 27]
q˙ =
∂
∂p
HJ(q, p; t), p˙ = − ∂
∂q
HJ(q, p; t). (2.2)
where J = I, II, IIIi, IV,V,VI (i = 1, 2, 3); the relevant Hamiltonians can be found in [23,
27]. Because of their time dependence, we can study the time evolution of our Hamiltonians;
in the literature this is done by introducing the σJ(t) functions defined as
σJ(t) = tHJ(t) (J = IIIi,V), σJ(t) = HJ(t) (J = I, II, IV). (2.3)
2A more conventional labeling of different PIII equations uses the rational surfaces desribing appropriate
spaces of initial conditions; in this notation, PIII1 = PIII(D6), PIII2 = PIII(D7), PIII3 = PIII(D8).
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together with a similar but slightly more complicated relation for PVI. These functions
satisfy the σ-form of Painlevé equations, which also enter in the classification of degree two
second order ordinary linear differential equations with Painlevé property [28]; we will write
down these equations case by case in the following sections of this paper. It is also useful
to consider the so-called τ -functions τJ(t), related to σJ(t) by
σJ(t) = t
d
dt
ln τJ(t) (J = IIIi), σJ(t) =
d
dt
ln τJ(t) (J = I, II, IV).
and by the slightly more involved relation (A.44) for PV. It is the τ -function that usually
appears in physical problems because of its relation to spectral (Fredholm) determinants
and conformal field theory (CFT); in fact also in our case the most natural object to consider
is the τ -function.
The second important realization of Painlevé equations is via the theory of isomon-
odromic deformations of systems of linear ODEs (or flat connections). The linear systems
of interest are
d
dz
Ψ(z) = A(z)Ψ(z), (2.4)
where z is the affine coordinate on C0,n (an n-punctured CP1), A(z) ∈ sl(2,C) is a 2 × 2
traceless complex matrix of meromorphic functions and Ψ(z) ∈ GL(2,C) is an invertible
complex 2× 2 matrix.
Let {zν} denote the set of poles ofA(z)dz. It may be assumed without loss in generality
that the point at infininty does not belong to it, in which case we can write
A(z) =
n∑
ν=1
rν+1∑
k=1
Aν,−k+1
(z − zν)k . (2.5)
The non-negative integer number rν is the Poincaré rank of the singular point z = zν . If
rν = 0, the latter is called a regular singularity where the solution Ψ(z) in general develops
a branch point.
The singular points with rν ≥ 1 are irregular. The asymptotics of Ψ(z) in their neigh-
borhood exhibits the Stokes phenomenon which can be outlined as follows. Diagonalizing
the highest polar contribution Aν,−rν = GνΘν,−rνG
−1
ν , one may write a unique formal
solution in the neigborhood of zν as
Ψ
(ν)
formal
(z) = Gν
[
1+
∞∑
k=1
gν,k(z − zν)k
]
exp
{
Θν,0 ln(z − zν) +
rν∑
k=1
Θν,−k(z − zν)−k
}
,
where all Θν,−k are diagonal. They are determined, together with the matrix coefficients
gν,k, by the linear system (2.4). The non-formal canonical solutions Ψ
(ν)
k (z) are uniquely
specified by the asymptotic condition Ψ(ν)k (z) ≃ Ψ(ν)formal(z) as z → zν inside certain Stokes
sectors Sν,k centered at zν . Canonical solutions associated to different sectors are related
by Ψ(ν)k+1(z) = Ψ
(ν)
k (z)S
(ν)
k . The Stokes matrices S
(ν)
k , formal monodromy exponents Θν,0
and connection matrices which relate solutions at different singular points constitute the
set of generalized monodromy data of the linear system (2.4).
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One of the interesting properties of these systems of linear ODEs is that while giving
a specific A(z) determines the global monodromy of the solution Ψ(z), the converse is not
true: a solution Ψ(z) with prescribed monodromy/Stokes data may correspond to a family
of A(z; {~t}) parameterized by the moduli {~t} of a flat SL(2,C) bundle over the punctured
sphere3. In the case we are interested in, namely a sphere with four regular punctures
and its degenerations by collisions, there is a one-parameter (t) family of different A(z, t)
associated to it. One is therefore led to consider isomonodromic deformations of A(z, t),
i.e. t-dependent deformations ofA(z) which preserve the generalized monodromy of Ψ(z, t);
requiring the deformation t to be isomonodromic implies that Ψ(z, t) satisfies the system ∂zΨ(z, t) = A(z, t)Ψ(z, t),∂tΨ(z, t) = B(z, t)Ψ(z, t), (2.6)
whereB(z, t) can be algorithmically expressed in terms ofA(z, t). This is an overdetermined
system whose compatibility condition
Ψzt(z, t) = Ψtz(z, t) (2.7)
implies the equation
At(z, t) = Bz(z, t) + [B(z, t),A(z, t)] (2.8)
which yields a system of non-linear ODEs leading to the Painlevé equations; the matrices
A, B are known as the Lax Pair for the associated Painlevé equation. Notice that (2.8)
can be seen as a gauge transformation of the flat connection A(z, t).
Isomonodromic deformations admit an interesting limit to isospectral deformation
problems (see for example [9]). In order to see this it is convenient to rescale the pa-
rameters of the problem in order to explicitly introduce a “Planck constant” κ so that (2.4)
becomes
(κ∂z −A(z))Ψ(z) = 0. (2.9)
If we now rescale time according to t = T0 + κT and send κ → 0 (i.e. we focus on the
dynamics around T0) the connection κ∂z−A(z) reduces to a one-formA ∈ Ω(C0,n, sl(2,C)),
that is a Higgs field in terms of Hitchin integrable systems; moreover in this limit the
Hamiltonian becomes time-independent and the isomonodromic deformations reduce to
isospectral deformations preserving the spectrum (eigenvalues) of A. This can also be
rephrased by saying that in this limit the spectral curve
Σ : det(y −A) = 0 , Σ ∈ T ∗C0,n (2.10)
remains fixed under the deformation; notice that for A ∈ sl(2,C) the spectral curve Σ is
simply
Σ : y2 =
1
2
TrA2. (2.11)
3One way to describe {~t} is to combine the positions {zν} of singular points with diagonal elements of
Θν,−rν , . . . ,Θν,−1.
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The inverse limit, that is recovering the isomonodromic problem from the isospectral one,
requires to consider Whitham deformations of the spectral curve: see for example [29] or
[30–32] for a discussion of Whitham deformations in Seiberg-Witten theory.
Postponing to the next Sections the explicit expressions for the spectral curves asso-
ciated to our Painlevé equations, we anticipate here their classification in terms of type of
punctures4:
PIII3: two irregular punctures of degree 3,
PIII2: two irregular punctures of degree 3 and 4,
PIII1: two irregular punctures of degree 4,
PVdeg: two regular punctures and one irregular of degree 3,
PV: two regular punctures and one irregular of degree 4,
PVI: four regular singularities
and
PI: one irregular puncture of degree 7,
PIIJM : one irregular puncture of degree 8,
PIIFN : one regular and one irregular puncture of degree 5,
PIV: one regular and one irregular puncture of degree 6.
As we will see shortly, it is from the realization in terms of flat connections and Hitchin
systems that we can understand how and why Painlevé equations are related to four-
dimensional N = 2 theories.
2.2 Hitchin systems and four-dimensional N = 2 theories
The relation between Hitchin systems and four-dimensional N = 2 theories in class S is
well-known in the literature [3, 4]. The idea is to consider a twisted compactification of the
six-dimensional N = (2, 0) theory of type A15 on a Riemann surface Cg,n; this procedure
generates a class of N = 2 theories in four dimensions known as class S theories. Hitchin
systems arise when we further compactify on a circle S1R: the low-energy effective three-
dimensional theory obtained in this way is an N = 4 sigma model with target space M
which is hyperKähler and coincides with the moduli space of solutions to a Hitchin system.
The appeareance of a Hitchin system can be better understood by reversing the order of
compactification: first we compactify on S1R to obtain a pure SU(2) five-dimensional N = 2
theory; the following twisted compactification on Cg,n leads to BPS equations known to be
4Here the degree of the puncture is the order of a pole appearing in 1
2
TrA2 and not the degree rν of A
which appears in (2.4). In particular, a generic regular singularity has degree 2.
5We will restrict here on type A1 theories since this is the relevant case for Painlevé equations.
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Hitchin equations. Explicitly, M is the moduli space of solutions (A,ϕ) (with prescribed
boundary conditions at the punctures of Cg,n) to the Hitchin equations
Fzz +R
2[ϕz, ϕz] = 0,
∂zϕz + [Az, ϕz ] = 0,
∂zϕz + [Az, ϕz] = 0,
(2.12)
modulo gauge transformations; here z is a complex coordinate on Cg,n, Fzz is the field-
strength of the components (Az, Az) of the five-dimensional SU(2) gauge field on Cg,n,
while ϕz is a complex adjoint scalar field built out of two of the five adjoint scalars of the
five-dimensional theory and ϕz its Hermitian conjugate (ϕz is actually a (1,0)-form on Cg,n
after the twisting).
The Hitchin moduli spaceM associated to Cg,n can also be thought as a torus fibration
over the moduli space B of Coulomb branch vacua of the N = 2 four-dimensional theory,
with generic fiber a torus of dimension dim(B). As such, it is expected to contain informa-
tion on the Coulomb branch of the four-dimensional theory. This can be made quantitative
in the following way. The moduli spaceM has a hyperKähler structure, which implies that
it admits a CP1[ζ] worth of complex structures J (ζ). Let E denote an SU(2)-bundle on Cg,n;
when ζ ∈ C× we are in the complex structure usually known as J and we can construct a
complex EC connection ∇ = ∂ +A with
A = R
ζ
ϕ+A+Rζϕ; (2.13)
it is also sometimes useful to decompose ∇ as
(ζDz +Rϕz,Dz + ζRϕz). (2.14)
The connection ∇ is flat because of (2.12) and therefore the pair (EC,∇) defines a flat
bundle. On the other hand, when ζ = 0 (corresponding to the complex structure known as
I) we remain with the pair
(Rϕz,Dz); (2.15)
in this case the Hitchin equations (2.12) imply that ϕz is a holomorphic section of EC with
respect to the holomorphic structure defined by Dz, which means that at ζ = 0 we obtain
a Higgs bundle (EC, ϕz)6 whose base space is the moduli of the quadratic differential
1
2
Tr(ϕ2z) = φ2 (2.16)
on Cg,n. It is in this complex structure I that the relation between Hitchin systems and
Coulomb branch of four-dimensional N = 2 theories is more manifest: in fact to every
Higgs bundle one can associate a classical integrable system, whose spectral curve coincide
with the Seiberg-Witten curve
ΣSW : Det(y − ϕz) = 0 =⇒ y2 = φ2 (2.17)
6A similar story is valid at ζ = ∞ (or complex structure K) where we obtain an anti-Higgs bundle.
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of the four-dimensional theory corresponding to the chosen Riemann surface Cg,n. Although
the correspondence applies to arbitrary punctured Riemann surfaces, in order to compare
with Painlevé equations we take Cg,n to be the Riemann sphere C0,n with four punctures
and its degenerations. The four-dimensional theories obtained by the compactification on
C0,n are N = 2 SU(2) gauge theories with Nf fundamental hypermultiplets (Nf ≤ 4), and
the rank-one SCFTs of Argyres-Douglas type H0, H1, H2 [7, 8] which are the maximal
conformal points of the SU(2) theory with Nf = 1, 2, 3. These are classified by the type of
punctures as follows:
Nf = 0: two irregular punctures of degree 3,
Nf = 1: two irregular punctures of degree 3 and 4,
Nf = 2: two irregular punctures of degree 4, (first realization)
Nf = 2: two regular and one irregular punctures of degree 3 , (second realization)
Nf = 3: two regular and one irregular puncture of degree 4,
Nf = 4: four regular singularities
for the SU(2) theories with Nf hypermultiplets, and
H0: one irregular puncture of degree 7,
H1: one irregular puncture of degree 8, (first realization),
H1: one regular and one irregular puncture of degree 5, (second realization)
H2: one regular and one irregular puncture of degree 6
for the Argyres-Douglas theories. Note that we have two realizations of the SU(2) theory
with Nf = 2. Indeed the quadratic differentials of them are different as we will see shortly,
however the physical quantities computed from them are the same. Similarly there are two
realizations of the H1 SCFT. Let us also remark that the SW curves of the theories we are
considering can be obtained from the SU(2) Nf = 4 one by taking appropriate limits and
scaling of the parameters; the web of relations between SW curves is exactly the same as
the Painlevé coalescence diagram of Figure 1.
2.3 Correspondence Painlevé equations − four-dimensional N = 2 theories
We now state the correspondence between Painlevé Lax pairs and the Hitchin systems
associated to four-dimensional N = 2 theories. The common singularity pattern on the
Riemann sphere appearing both in Painlevé isomonodromy problems and M-theory com-
pactifications naturally suggests the relation displayed in Table 2.
Another piece of evidence for the matching in Table 2 comes from considering the
Higgs bundle limit of the two sides of the correspondence. As we saw, both the Painlevé
connection κ∂z −A and the Hitchin connection ∇ reduce to a Higgs bundle in the limits
κ → 0 and ζ → 0 respectively. In this limit we can compare the spectral curve relative
– 9 –
VI V III1 Vdeg III2 III3 IV IIJM IIFN I
Nf = 4 Nf = 3 Nf = 2 (1st) Nf = 2 (2nd) Nf = 1 Nf = 0 H2 H1 (1st) H1 (2nd) H0
Table 2. Correspondence between Painlevé equations and N = 2 theories in four dimensions.
to the Painlevé Higgs field A (2.10) with the Seiberg-Witten curve relative to the Hitchin
Higgs field ϕz (2.17). The Seiberg-Witten curves of the theories of interest are well known:
in an appropriate parameterization, the quadratic differentials φ2 of the SU(2) gauge theory
with Nf = 0, 1, 2, 3 are written as
Nf = 0 :
Λ2
z3
+
2u
z2
+
Λ2
z
,
Nf = 1 :
Λ2
z3
+
3u
z2
+
2Λm
z
+ Λ2,
Nf = 2 :
Λ2
z4
+
2Λm1
z3
+
4u
z2
+
2Λm2
z
+ Λ2, (first realization)
Nf = 2 :
m2+
z2
+
m2−
(z − 1)2 +
Λ2 + u
2z
+
Λ2 − u
2(z − 1) , (second realization)
Nf = 3 :
m2+
z2
+
m2−
(z − 1)2 +
2Λm+ u
2z
+
2Λm− u
2(z − 1) + Λ
2.
(2.18)
while for the Argyres-Douglas theories we have
H0 : z
3 − 3cz + u
H1 : z
4 + 4cz2 + 2mz + u, (first realization)
H1 : z + c+
u
z
+
m2
z2
, (second realization)
H2 : z
2 + 2cz + (2m˜+ c2) +
u+ 2cm−
z
+
m2−
z2
.
(2.19)
On the other hand, the matrix A is explicitly known for all Painlevé equations [33]; in
the following sections we will present these A and show that the associated spectral curves
exactly coincide with the gauge theory ones according to Table 2 after an appropriate identi-
fication of parameters. For the moment we just remark that the number of mass parameters
in our four-dimensional N = 2 theories coincide with the number of free parameters of the
associated Painlevé equations (see Table 1) and that the Painlevé σ-function (or Hamilto-
nian) will turn out to correspond to the Coulomb branch parameter u. We are thus led to
the identification
1
2
Tr(A)2 =
1
2
Tr(ϕ2z) = φ2 (2.20)
from the Higgs bundle limit.
We are left with the problem of interpreting the Painlevé connection κ∂z−A at generic
κ in terms of Hitchin system quantities. Our Painlevé connection is holomorphic in z and
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only involves the Higgs field; something similar exists in the Hitchin systems literature and
corresponds to the Hitchin connection ∇ in the oper limit [34]. The oper limit consists of
sending R→ 0, ζ → 0 in such a way as to keep the ratio ζ/R = ~ constant, so that
∇ −→
oper
~∂z + ϕz ⇐⇒ κ∂z −A. (2.21)
Then the parameters κ and ~ play the same role, and when they are sent to zero both the
isomonodromic problem and the oper reduce to a Higgs bundle, while the connection of the
isomonodromic problem A still corresponds to the Higgs field ϕz . With this identification
one can think of the compatibility condition (2.8) as a gauge transformation for the oper,
while isomonodromic deformations (2.6) translate into the so-called Whitham deformations
of the Hitchin system [9, 29, 32].
To summarize, from what said previously and from the analysis we will carry out in
the next sections we can construct the dictionary in Table 3.
Painlevé isomonodromic problem N = 2 theory Hitchin system
punctured Riemann sphere C0,n[z] Gaiotto surface C0,n[z]
connection κ∂z −A oper ~∂z + ϕz
isomonodromic deformations Whitham deformations
compatibility condition (2.8) gauge transformation
overall scale κ oper parameter ~
isospectral limit κ→ 0 (Higgs bundle) complex structure I limit ~→ 0 (Higgs bundle)
Painlevé time t gauge coupling Λ or c
Painlevé σ-function (Hamiltonian) Coulomb branch parameter u
Painlevé free parameters masses N = 2 theory
Table 3. Correspondence between Painlevé isomonodromic problems and N = 2 theory Hitchin
systems.
2.4 Painlevé τ-functions and “dual” instanton partition functions
In the previous section we saw how Painlevé equations are related to four-dimensional
N = 2 theories. Given this connection, one can wonder whether there are gauge theory
quantities which have an analogue in Painlevé theory. In fact, an example is already known
in the literature: starting with the work [35], it turned out that Painlevé τ -functions have a
clear interpretation in gauge theory as the partition function (or better, the so-called “dual”
instanton partition function). Scope of this section is to quickly review this correspondence;
the reader is referred to [35] and subsequent works [36–39] (see also [40, 41]) for further
details.
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The starting point is the work [42]: in that paper the authors considered the Fuchsian
system with n regular singularities,
d
dz
Ψ(z) = A(z)Ψ(z) , A(z) =
n∑
ν=1
Aν
z − zν (2.22)
and constructed the solution Ψ(z) to the isomonodromic deformation problem in terms of
free fermions; here the deformation parameters correspond to the positions of singularities.
More precisely, what they were able to show is that the fundamental matrix Ψ(z) can be
represented as
Ψαβ(z; {zν}) = (z − z0)〈OL1(z1) . . .OLn(zn)ψα(z0)ψβ(z)〉〈OL1(z1) . . .OLn(zn)〉
(2.23)
(α, β = 1, 2) while the associated τ -function can be expressed as the correlator
τ({zν}) = 〈OL1(z1) . . .OLn(zn)〉 (2.24)
The notation is as follows: the matrices Aν are assumed to be diagonalizable with diagonal
form Θν ; the monodromy matrices are thenMν = C−1ν e
2πiΘνCν with Cν connection matrix,
and we also introduced the logarithms of monodromy matrices, Lν = C−1ν ΘνCν . The fields
OLν and ψα, ψβ are primary fields in a two-dimensional c = 1 CFT with dimensions
∆ν =
1
2TrA
2
ν and ∆ψ =
1
2 respectively; more specifically, ψ, ψ are free complex fermions.
The basic idea behind the expressions (2.23) and (2.24) is that the solution Ψ(z) is
uniquely determined by its normalization, monodromy and singular behaviour; if one can
construct ψ, O with appropriate braiding properties, then our ansatz (2.23) must be a
solution to (2.22). Normalization Ψ(z → z0) = 1 of the solution is guaranteed by the
leading OPE term
ψα(z0)ψβ(z) ∼
δαβ
z − z0 (2.25)
while the request of having monodromy matrices Mν implies that we should look for fields
OLν with leading OPE
OLν (zν)ψα(z) ∼ (z − zν)LνO(0)Lν ,α(zν) (2.26)
for some local field O(0)Lν ,α. An attempt of explicit construction of the fields OLν with such
properties7 has been made in [42] and recently fully developed in [41]; a discussion of a
similar construction in the irregular case can be found in [40].
Let us now focus on the τ -function (2.24) in the Painlevé VI case, where n = 4 and we
can set (z1, z2, z3, z4) = (0, t, 1,∞) by means of a Möbius transformation. Let ±θν be the
local monodromy exponents (eigenvalues of Aν), so that ∆ν = θ2ν . We are then left with the
computation of a particular four-point correlator of primary fields in a c = 1 CFT; thanks
to the AGT correspondence [44] we know how to express this correlator via the unrefined
7These fields are known as holonomic fields, or twist fields, or spin fields. See [43] for a discussion on
the relation between spin fields in Ising model and τ -functions in terms of the “new supersymmetric index”.
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(ǫ1 = −ǫ2 = ǫ) instanton partition function of N = 2 SU(2) theory with Nf = 4, but there
is a subtlety to be taken into account. The problem is the following: in the computation
of the correlator in the, say, s-channel (an expansion around t = 0) the dimension of all
primaries in the OPE OL0OLt will enter; these primaries in the OPE will have monodromy
MtM0. Let e±2πiσ be the eigenvalues of MtM0; clearly σ is only defined up to addition of
an integer n ∈ Z, so we expect that in the OPE OL0OLt there will be an infinite number
of monodromy fields O
L
(n)
0t
(all possible fields with monodromy MtM0) with dimensions
(σ+n)2. With this in mind, and taking into account the small t asymptotic expression for
τVI(t) found in [45], it has been conjectured in [35] that
τVI(t) ∝ ZDNf=4(σ, t, {~θ}) (2.27)
as an expansion around t = 0; similar expansions can also be obtained around t = 1 and
t = ∞. Here ZDNf=4 is the so-called “dual” partition function for N = 2 SU(2) Nf = 4
theory [46]8
ZDNf=4(σ, t, {~θ}) =
∑
n∈Z
einρZNf=4(σ + n, t, {~θ}) . (2.28)
The time t and the parameters {~θ} correspond to the energy scale Λ/ǫ and the masses {~m/ǫ}
of the four flavours (here the remaining Omega background parameter ǫ is interpreted as
an overall scale, analogously to the parameters κ or ~ of Table 3). The other parameters
(σ, ρ) are integration constants for the Painlevé τ -function, and we can think of σ as a/ǫ
in gauge theory; the interpretation of ρ is less clear, although according to [46] it should
correspond to aD/ǫ at least in the limit ǫ → 0. The proportionality factor in (2.27) is a
simple function of monodromy and t.
The proposal (2.27) has been understood and further generalized in [37] within the
framework of Liouville CFT. Crossing symmetry transformations of the Virasoro conformal
blocks generate their operator-valued monodromy, which becomes particularly simple for
the level 2 degenerate fields. In the latter case, the elements of monodromy matrices involve
translations of intermediate Liouville momenta of conformal blocks by integer multiples of
b and b−1, where b parameterizes the central charge c = 1 + 6(b + b−1)2. For c = 1 such
operators may be simultaneously diagonalized by means of a Fourier type transformation,
thereby combining conformal blocks with extra degenerate insertions into a solution of the
Fuchsian system (2.22) with a classical SL(2,C)-valued monodromy. This transformation
is the origin of the summation in (2.28).
A more direct connection to gauge theory has been established in [39]. There it was
shown that the tau functions of Fuchsian systems can be represented as Fredholm deter-
minants associated to the isomonodromic Riemann-Hilbert problem via a decomposition of
the punctured Riemann sphere C0,n into n−2 pairs of pants. Principal minors of this Fred-
holm determinant are given by factorized expressions which reproduce Nekrasov formulas
[46, 50–52] for N = 2 SU(2) Nf = 4 theory.
For what other Painlevé functions are concerned, in [36] it was shown using the coales-
cence diagram in Figure 1 that relations similar to (2.27) exist between the t = 0 expansion
8A similar expression also appeared as the partition function for the I-brane system of [47–49].
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of the τ -function for PV, PIII1, PIII2, PIII3 and the dual instanton partition function ex-
panded at weak coupling (Λ = 0) of the N = 2 SU(2) Nf = 3, 2, 1, 0 theories respectively.
Expansions for the τ -functions of PIV, PII and PI have not been systematically studied in
the literature; these will be the subject of our discussion in the subsequent sections.
The first point we have to stress is that while the equations for PV, PIII1, PIII2, PIII3
have two singular points at t = 0 and t = ∞, PIV, PII, PI only have the singularity at
t = ∞, cf Table 4. The expansions of Painlevé functions near t = 0 are of regular type,
whereas their irregular asymptotics as t → ∞ is much richer; in particular, it presents a
nonlinear Stokes phenomenon. For instance, in the case of Painlevé I, there exist 5 canonical
rays arg t = π(2k−1)5 , k = 1, . . . , 5 along which the long-distance asymptotics of τI(t) is
trigonometric [53], whereas inside the sectors bounded by the rays it becomes more intricate
and involves elliptic functions [54]. In what follows, we are going to construct asymptotic
expansions of the tau functions of different Painlevé equations along the canonical rays
indicated in Table 5 and Figure 2.
VI V III1 III2 III3 IV II I
regular 0, 1,∞ 0 0 0 0 − − −
irregular − ∞ ∞ ∞ ∞ ∞ ∞ ∞
Table 4. Critical points of Painlevé equations according to expansion type
While the correlators near t = 0 can be easily computed via AGT since they correspond
to instanton partition functions at weak coupling, correlators at t = ∞ would require the
knowledge of the partition function at all strong coupling points (magnetic and dyonic)
which we do not have9. We will therefore proceed as follows: we make the ansatz
“ τ ∝ ZD ” (2.29)
also along the various rays at t =∞ (where this time the dual partition function is intended
as computed around some strongly-coupled point10) and fix the coefficient of the would-be
instanton expansion by requiring our τ(t) to be a solution to the τ -form of the corresponding
Painlevé equation. In this way we obtain putative strongly-coupled “instanton”-like expan-
sions at ǫ1 + ǫ2 = 0 for the Argyres-Douglas theories and SQCD theories; later in Section
4 and Appendix B we will check (in the limits of what is possible) that these expansions
reproduce all the magnetic and dyonic strong coupling expansions of the four-dimensional
theories.
V III1 III2 III3 IV II I
arg t 0, π,±π2 0, π ±π2 0 0, π,±π4 ,±π2 ,±3π4 0, π,±π3 ,±2π3 π,±π5 ,±3π5
Table 5. Canonical rays at t =∞.
9Attempts to these computations in CFT language can be found in [15].
10Consequently also the pair (σ, ρ) will be matched to a/ǫ, aD/ǫ differently according to the strongly
coupled point we are considering.
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II
V III2III1 III3
IV I
Figure 2. Canonical rays for irregular expansions at t =∞.
3 Long-distance expansions of Painlevé I, II, IV tau functions
In this section we collect the long-distance expansions for the various Painlevé tau functions,
along the lines of what done in [55] for PIII3. Here we will only discuss PI, PII and
PIV which only admit expansions of irregular type, while we postpone to appendix A the
analysis of PIII1,2,3 and PV. These latter equations also admit regular type (short-distance)
expansions around t = 0 which can be found in [36]. The PVI case, in which only regular
type expansions appear, has been treated at length in [35, 39].
3.1 Painlevé I
The Lax pair defining the monodromy preserving deformation problem (2.6) associated to
PI can be found for example in [33, eq. (C.2)] and reads
A = A0 +A1z +A2z
2 =
(
−p q2 + zq + z2 + t/2
4z − 4q p
)
, (3.1)
B = B0 +B1z =
(
0 q + z/2
2 0
)
. (3.2)
The compatibility condition (2.8) implies that{
q˙ = p,
p˙ = 6q2 + t,
(3.3)
and leads to the PI equation
q¨ = 6q2 + t. (3.4)
The spectral curve y2 = 12 TrA
2 involves the trace
1
2
TrA2 = 4z3 + 2tz + 2σI , (3.5)
where the hamiltonian function
σI(t) =
p2
2
− 2q3 − qt (3.6)
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satisfies the σ-PI equation
σ¨2I = 2 (σI − tσ˙I)− 4σ˙3I (3.7)
with respect to the dynamics (3.3). From this one can easily extract the τ -PI equation, i.e.
the equation satisfied by the function τI(t) defined as
σI(t) =
d
dt
ln τI(t). (3.8)
Different forms of PI, such as (3.3) or (3.7), possess a well-known discrete Z5-symmetry. It
may be stated as follows: given a tau function τI(t), the transformation τ˜I(t) = τI
(
e
2πi
5 t
)
yields another PI tau function.
The Stokes data describing the global asymptotic behavior of solutions of the linear
system defined by (3.1) are parameterized by two complex quantities giving a pair of PI
integrals of motion. The leading behavior of q(t) as t → ∞ along the canonical rays
Rk = e
πi− 2πik
5 R>0 has been described in terms of Stokes parameters in [53]. Determining
the corresponding long-distance asymptotics of τI(t) and using the equation (3.7) to sys-
tematically compute subleading corrections, we indeed observe a periodic pattern (2.29)
similar to Painlevé VI expansion (2.28):
τ-PI expansion
On the rays arg t = π,±3π5 ,±π5 we have
τI(t) = s
− 1
10
∑
n∈Z
einρG(ν + n, s), 24t5 + s4 = 0, s ∈ R,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
ν
2 e
s2
45
+ 4
5
iνs− iπν2
4 s
1
12
− ν2
2 48−
ν2
2 G(1 + ν),
(3.9)
with G(1 + ν) Barnes G-function. These functions would correspond to the 1-loop part
of our strong-coupling “Nekrasov-like” partition function G(ν, s), and from them we can
read how many light particles there are in the strongly coupled sector under consideration:
in the case at hand there is just one Barnes G-function and therefore a single particle is
light. On the other hand, the coefficients Dk(ν) would correspond to the “k-th instanton”
contribution to the partition function; they can be computed recursively, and the first few
of them are explicitly given by
D1(ν) = − iν(94ν
2 + 17)
96
,
D2(ν) = −44180ν
6 + 170320ν4 + 74985ν2 + 1344
92160
.
(3.10)
Different rays are characterized by different expressions of the integration constants ν, ρ in
terms of the Stokes data, which is a signature of the nonlinear Stokes phenomenon.
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It is plausible that the Fourier representation of τI(t) given by the 1st line of (3.9)
remains valid in the whole complex plane of PI variable t. The 2nd line should then be
interpreted as an asymptotic expansion of the function G(ν, s) (PI irregular conformal block)
as s → ∞. The latter expansion may be expected to hold inside certain sectors; specific
rays Rk are singled out by the condition for the Fourier sum to be a well-defined asymptotic
series for the tau function.
In order to later make contact with four-dimensional theories we do the following: we
redefine s → s/ǫ, ν → ν/ǫ and group the terms with the same power of ǫ in G(ν/ǫ, s/ǫ).
By using
lnG(1 + ν) =
(
ν2
2
− 1
12
)
ln ν − 3
4
ν2 +
ν
2
ln 2π + ζ ′(−1) +
∑
k>1
B2k+2
4k(k + 1)ν2k
, (3.11)
it is easy to show that the logarithm of the function G(ν/ǫ, s/ǫ) nicely reorganizes into
a genus expansion, which as we will see is very natural in gauge theory if we interpret
G(ν/ǫ, s/ǫ) as the partition function for a four-dimensional N = 2 theory in the special
Omega background ǫ1 = −ǫ2 = ǫ. More in detail we obtain
ln
[
G
(ν
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, s), (3.12)
with
F0(ν, s) = s
2
45
+
4
5
iνs+
ν2
2
ln
ν
48is
− 3ν
2
4
− 47iν
3
48s
− 7717ν
4
4608s2
+O(s−3),
F1(ν, s) = ζ ′(−1)− 1
12
ln
ν
s
− 17iν
96s
− 3677ν
2
4608s2
+O(s−3),
F2(ν, s) = − 1
240ν2
− 7
480s2
+O(s−3).
(3.13)
and similarly for higher genus Fg(ν, s) functions.
3.2 Painlevé II
There exist several realizations of PII in terms of isomonodromy problems. The Jimbo-Miwa
Lax pair is given by [33, eq. (C.10)]
A = A0 +A1z +A2z
2 =
(
z2 + p+ t/2 u(z − q)
− 2u(pz + θ + pq) −(z2 + p+ t/2)
)
, (3.14)
B = B0 +B1z =
(
z/2 u/2
−p/u −z/2
)
, (3.15)
and corresponds to a single irregular puncture of degree 8 at infinity. The compatibility
condition (2.8) requires 
u˙ = −qu,
q˙ = p+ q2 + t/2,
p˙ = −2pq − θ,
(3.16)
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and therefore implies the PII equation
q¨ = 2q3 + qt+
(
1
2
− θ
)
. (3.17)
From the trace
1
2
TrA2 = z4 + tz2 − 2θz + 2σII + t
2
4
(3.18)
one may recover the hamiltonian function σII(t) = ddt ln τII(t)
σII(t) =
p2
2
+ pq2 +
pt
2
+ qθ, (3.19)
which satisfies the σ-form of PII:
σ¨2II = 2σ˙II (σII − tσ˙II)− 4σ˙3II +
θ2
4
. (3.20)
Similarly to Painlevé I, the PII equation has a discrete Z3-symmetry acting on the tau
functions as τ˜II(t) = τII
(
e
2πi
3 t
)
.
We could also have started from the Flaschka-Newell Lax pair, describing isomon-
odromic deformations for systems with one regular puncture and an irregular puncture of
degree 5. It can be written as [56]
A = A0z
−1 +A1 +A2z =
 pqz p2q2− θ204qz + q + t+ z
1− qz −pqz
 , (3.21)
B = B0 +B1z =
(
0 t+ z + 2q
1 0
)
. (3.22)
The zero-curvature condition (2.8) becomes q˙ = −2pqp˙ = p2 − 2q − t− θ2
4q2
(3.23)
and is equivalent to the equation
q¨ =
q˙2
2q
+ 4q2 + 2qt− θ
2
2q
, (3.24)
which is related to PII by a change of variables. The trace
1
2
TrA2 = z + t− σ
′
II
z
+
θ20
4z2
(3.25)
contains the function
σ′II(t) = −
p2
q
+ q2 + qt+
θ20
4q
(3.26)
satisfying
1
4
(
σ¨′II
)2
= −σ˙′II(σ′II − tσ˙′II) + σ˙′
3
II +
θ2
4
. (3.27)
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The latter equation is related to (3.20) by rescalings σ′II = σII/2 and t→ −t/2.
The set of PII canonical rays listed in Table 5 splits into two orbits of the Z3-action,
cf [18, Chapters 9-10]. Returning to (3.20), we accordingly find two types of long-distance
expansions for the tau function τII(t) (cf [57, Subsection 4.6] where the special case θ = 12
has been studied):
τ-PII expansion 1
The asymptotics of the first type is valid on the rays arg t = π,±π3 (i.e. s → ±i∞ in the
formulas below). Along these rays, we have the expansion
τII(t) = s
− 1
6
+ θ
2
3
∑
n∈Z
einρG(ν + n, s), 4t3 = 9s2,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
ν
2 e−
3s2
32
+νss
1
12
− ν2
2 12−
ν2
2 G(1 + ν),
(3.28)
which again has a Fourier transform structure with respect to the Stokes data encoded into
the complex parameters ν, ρ. The first few expansion coefficients are given by
D1(ν) =
ν(34ν2 − 96θ2 + 31)
72
,
D2(ν) =
289
2592
ν6 − 408θ
2 − 413
648
ν4 +
(
8θ4
9
− 187θ
2
54
+
11509
10368
)
ν2 +
16θ4 − 40θ2 + 9
216
.
(3.29)
The number of Barnes functions implies that this sector contains only one light particle.
As we did for τI(t) we now redefine s→ s/ǫ, ν → ν/ǫ and θ → θ/ǫ and collect the terms of
the same weight in ǫ in G(ν/ǫ, θ/ǫ, s/ǫ); this yields
ln
[
G
(
ν
ǫ
,
θ
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ, s), (3.30)
with
F0(ν, θ, s) = −3s
2
32
+ νs+
ν2
2
ln
ν
12s
− 3ν
2
4
+
17ν3
36s
− 4θ
2ν
3s
+
125ν4
288s2
− 26θ
2ν2
9s2
+
2θ4
27s2
+O(s−3),
F1(ν, θ, s) = ζ ′(−1)− 1
12
ln
ν
s
+
31ν
72s
+
293ν2
288s2
− 5θ
2
27s2
+O(s−3),
F2(ν, θ, s) = − 1
240ν2
+
1
24s2
+O(s−3).
(3.31)
The higher genus functions Fg(ν, θ, s) are obtained in a similar fashion.
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τ-PII expansion 2
On the complementary rays arg t = 0,±2π3 (i.e. s→ ±∞ below) we have another expansion
which still has Fourier type:
τII(t) = s
− 1
6
+ θ
2
3
∑
n∈Z
einρG(ν + n, s), 8t3 = 9s2,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−νeiνs+
iπν2
2 s−ν
2+ 1
6
− θ2
4 6−ν
2
G
(
1 + ν +
θ
2
)
G
(
1 + ν − θ
2
)
.
(3.32)
The first few coefficients of the sought-for PII irregular conformal block are
D1(ν) = − iν(68ν
2 − 9θ2 + 2)
36
,
D2(ν) = −289
162
ν6 +
153θ2 − 1159
324
ν4 −
(
θ4
32
− 11θ
2
18
+
271
648
)
ν2 − θ
2(11θ2 − 68)
1728
.
(3.33)
From the number of Barnes G-functions we see that there is an SU(2) doublet of light
particles in this sector. The same procedure as above generates the genus expansion
ln
[
G
(
ν
ǫ
,
θ
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ, s), (3.34)
where
F0(ν, θ, s) = iνs+ iπν
2
2
+
(ν + θ/2)2
2
ln
ν + θ/2
s
+
(ν − θ/2)2
2
ln
ν − θ/2
s
− ν2 ln 6
− 3ν
2
2
− 3θ
2
8
− 17iν
3
9s
+
iθ2ν
4s
− 125ν
4
36s2
+
43θ2ν2
72s2
− 11θ
4
1728s2
+O(s−3),
F1(ν, θ, s) = 2ζ ′(−1)− 1
12
ln
ν + θ/2
s
− 1
12
ln
ν − θ/2
s
− iν
18s
− 5ν
2
12s2
+
17θ2
432s2
+O(s−3),
F2(ν, θ, s) = − 1
240(ν + θ/2)2
− 1
240(ν − θ/2)2 +O(s
−3),
(3.35)
and similarly for higher genus Fg(ν, θ, s) functions.
3.3 Painlevé IV
The Lax pair associated to the PIV equation can be found in [33] and reads
A =
A0
z
+A1+A2z =
(
z + t+ 1z (θ0 − pq) u
(
1− q2z
)
2
u(pq − θ0 − θ∞) + 2puz (pq − 2θ0) −z − t− 1z (θ0 − pq)
)
, (3.36)
B = B0 +B1z =
(
z u
2
u(pq − θ0 − θ∞) −z
)
. (3.37)
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The compatibility condition (2.8) gives
u˙ = −(2t+ q)u,
q˙ = q2 + 2q(t− 2p) + 4θ0,
p˙ = 2p2 − 2p(q + t) + θ0 + θ∞,
(3.38)
and implies the PIV equation
q¨ =
q˙2
2q
+
3q3
2
+ 4tq2 + 2q(t2 − 2θ∞ + 1)− 8θ
2
0
q
. (3.39)
The trace
1
2
TrA2 = z2 + 2zt+ t2 − 2θ∞ + σIV + 2tθ0
z
+
θ20
z2
(3.40)
involves the function σIV (t) = ddt ln τIV (t)
σIV (t) = 2p
2q − p (q2 + 2qt+ 4θ0)+ q(θ0 + θ∞), (3.41)
satisfying the σ-PIV equation
σ¨2IV = 4 (tσ˙IV − σIV )2 − 4σ˙IV (σ˙IV + 4θ0) (σ˙IV + 2θ0 + 2θ∞) . (3.42)
From this one can easily deduce the τ -PIV equation. We prefer to redefine σIV →
√
2σIV ,
t→ t/√2, θ0 = −θs and θ0 + θ∞ = −2θt so that (3.42) becomes
σ¨2IV = (tσ˙IV − σIV )2 − 4σ˙IV (σ˙IV − 2θs) (σ˙IV − 2θt) . (3.43)
The latter equation has a Z4-symmetry, according to which we find two types of long-
distance expansions for τIV (t) on the canonical rays:
τ-PIV expansion 1
Periodic expansions of the first type are valid on four rays arg t = 0, π,±π2 (i.e. s→ ±∞):
τIV (t) = s
− 1
4
+2(θ2s−θsθt+θ2t )
∑
n∈Z
einρG(ν + n, s), s = t
2
2
√
3
,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
ν
2 e
s2
9
+iνs− iπν2
4
+ 2√
3
(θs+θt)ss
1
12
− ν2
2 6−
ν2
2 G(1 + ν),
(3.44)
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where the first few coefficients are given by
D1(ν) =− iν
3
3
+ 2iν
(
3
(
θ2s − θsθt + θ2t
)− 1
3
)
− 2(θs + θt)(2θs − θt)(θs − 2θt)√
3
,
D2(ν) =− ν
6
18
+
(
2
(
θ2s − θsθt + θ2t
)− 67
144
)
ν4 +
2i(θs + θt)(2θs − θt)(θs − 2θt)
3
√
3
ν3
−
(
18
(
θ2s − θsθt + θ2t
)2 − 29
2
(
θ2s − θsθt + θ2t
)
+
71
48
)
ν2
− i(θs + θt)(2θs − θt)(θs − 2θt)(36
(
θ2s − θsθt + θ2t
)− 31)
3
√
3
ν
+
(
2
3
(θs + θt)
2(2θs − θt)2(θs − 2θt)2 − 3
(
θ2s − θsθt + θ2t
)2
+
5
4
(
θ2s − θsθt + θ2t
)− 1
12
)
.
(3.45)
The number of Barnes functions implies that there is only one light particle in this sector.
After rescaling all of the parameters by ǫ, the logarithm of PIV conformal block can be
expanded as
ln
[
G
(
ν
ǫ
,
θs
ǫ
,
θt
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θs, θt, s), (3.46)
where
F0(ν, θs, θt, s) = s
2
9
+ iνs+
2(θs + θt)s√
3
+
ν2
2
ln
ν
6is
− 3ν
2
4
− iν
3
3s
+
6i(θ2s − θsθt + θ2t )ν
s
− 2(θs + θt)(2θs − θt)(θs − 2θt)√
3s
− 35ν
4
144s2
+
21(θ2s − θsθt + θ2t )ν2
2s2
+
3
√
3i(θs + θt)(2θs − θt)(θs − 2θt)ν
s2
− 3(θ
2
s − θsθt + θ2t )2
s2
+O(s−3),
F1(ν, θs, θt, s) = ζ ′(−1)− 1
12
ln
ν
s
− 2iν
3s
− 181ν
2
144s2
+
5(θ2s − θsθt + θ2t )
4s2
+O(s−3),
F2(ν, θs, θt, s) = − 1
240ν2
− 1
12s2
+O(s−3).
(3.47)
τ-PIV expansion 2
On the complementary rays arg t = ±π4 ,±3π4 (i.e. s ∈ iR) we have
τIV (t) = s
− 1
4
+2(θ2s−θsθt+θ2t )
∑
n∈Z
einρG(ν + n, s), s = t
2
2
,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
3ν
2 eνs+
2
3
(θs+θt)ss−
3ν2
2
+ 1
4
− 4
3(θ
2
s−θsθt+θ2t )2−
3ν2
2
G
(
1 + ν +
2θs − 4θt
3
)
G
(
1 + ν +
2θt − 4θs
3
)
G
(
1 + ν +
2θt + 2θs
3
)
,
(3.48)
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where the first few coefficients are
D1(ν) =3ν
3 − 2 (θ2s − θsθt + θ2t ) ν − 29(θs + θt)(2θs − θt)(θs − 2θt),
D2(ν) =
9
2
ν6 −
(
6
(
θ2s − θsθt + θ2t
)− 105
16
)
ν4 − 2
3
(θs + θt)(2θs − θt)(θs − 2θt)ν3
+
(
2
(
θ2s − θsθt + θ2t
)2 − 11
2
(
θ2s − θsθt + θ2t
)
+
3
16
)
ν2
+
1
9
(θs + θt)(2θs − θt)(θs − 2θt)
(
4
(
θ2s − θsθt + θ2t
)− 7) ν
+
(
2
81
(θs + θt)
2(2θs − θt)2(θs − 2θt)2 +
(
θ2s − θsθt + θ2t
) (
4
(
θ2s − θsθt + θ2t
)− 3)
36
)
.
(3.49)
From the number of Barnes G-functions we see that there is an SU(3) triplet of light
particles in this sector. Let us note that this second expansion is related to a representation
of τIV (t) proposed in [58, Conjecture 4.2], [59]. There the function G(ν, s) was interpreted
as c = 1 Virasoro conformal block of a new type; it involves an irregular vertex operator
intertwining rank 2 Whittaker modules.
After rescaling all parameters by ǫ we thereby obtain
ln
[
G
(
ν
ǫ
,
θs
ǫ
,
θt
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θs, θt, s), (3.50)
where
F0(ν, θs, θt, s) = νs+ 2
3
(θs + θt)s − 3ν
2
2
ln 2− 9ν
2
4
− 2(θ2s − θsθt + θ2t )
+
(ν + 2θs−2θt3 )
2
2
ln
ν + 2θs−2θt3
s
+
(ν + 2θt−2θs3 )
2
2
ln
ν + 2θt−2θs3
s
+
(ν + 2θs+θt3 )
2
2
ln
ν + 2θs+θt3
s
+
3ν3
s
− 2(θ
2
s − θsθt + θ2t )ν
s
− 2(θs + θt)(2θs − θt)(θs − 2θt)
9s
+
105ν4
16s2
− 11(θ
2
s − θsθt + θ2t )ν2
2s2
− 7(θs + θt)(2θs − θt)(θs − 2θt)ν
9s2
+
(θ2s − θsθt + θ2t )2
9s2
+O(s−3),
F1(ν, θs, θt, s) = 3ζ ′(−1)− 1
12
ln
ν + 2θs−2θt3
s
− 1
12
ln
ν + 2θt−2θs3
s
− 1
12
ln
ν + 2θs+θt3
s
+
3ν2
16s2
− θ
2
s − θsθt + θ2t
12s2
+O(s−3),
F2(ν, θs, θt, s) = − 1
240(ν + 2θs−2θt3 )
2
− 1
240(ν + 2θt−2θs3 )
2
− 1
240(ν + 2θs+θt3 )
2
+O(s−3),
(3.51)
and the higher genus contributions can be computed analogously.
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4 Magnetic and dyonic expansions of Argyres-Douglas prepotentials
In this section we consider the four-dimensional N = 2 theories associated to the previously
discussed PI, PII and PIV equations, i.e. Argyres-Douglas theories H0, H1 and H2, and
compute the lowest genera prepotentials Fg at the various strongly coupled regimes. These
“magnetic" or “dyonic" expansions will be identified with to the long-distance expansions
of the corresponding Painlevé τ -function. The same analysis for SU(2) SQCD will be
performed in appendix B.
We consider the partition function of a rather special Omega background ǫ1 = −ǫ2 ≡ ǫ
where the connection with topological string theory is natural. The partition function of
the gauge theory in this Omega background can be written as
Z = exp
 ∞∑
g=0
ǫ2g−2Fg
 . (4.1)
We will refer to Fg as genus g prepotential in the following.
The genus zero prepotential determines the low energy effective theory of the N = 2
theory where the nontrivial background is turned off. This is determined by the Seiberg-
Witten curve, which is defined on Coulomb branch parametrized by u, and the differential
λ(u) on it [1]:
ai(u) =
∮
Ai
λ(u),
∂F0
∂ai
(u) =
∮
Bi
λ(u). (4.2)
In particular the Seiberg-Witten curve for N = 2 SU(2) SQCD with Nf = 0, . . . , 3 can
be written in the general form
y2 = x4 +Ax3 +Bx2 + Cx+D =
4∏
i=1
(x− ei), (4.3)
with ei zeroes of the curve; the curves for Argyres-Douglas theories can be obtained from
the SQCD ones by taking appropriate scaling limits. From the curve (and some additional
imput) we can extract not only the genus zero ([1] for Nf = 0, [60] for Nf = 1, 2, 3) but
also higher genus ([61] for Nf = 0, [62] for Nf = 1, 2, 3) prepotentials in the strong-coupling
regimes. In order to do that we need to introduce the combination
∆ =
∏
i<j
(ei − ej)2, (4.4)
which can be alternatively written as
∆ =− 27A4D2 +A3C(18BD − 4C2) +AC(18BC2 − 80B2D − 192D2)
+A2(B2C2 + 144BD2 − 4B3D − 6C2D)− 4B3C2 − 27C4
+ 16B4D + 144BC2D − 128B2D2 + 256D3.
(4.5)
In addition, we define
D = 1
2
∑
i<j
(ei − ej)2 = −B2 + 3AC − 12D. (4.6)
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In the strong coupling regime (a, aD have different meaning according to the expansion
point considered: magnetic, dyonic, . . . ) we have [60]
da
du
=
√
2
2
(−D)−1/4
[
3
2π
ln 12 2F1
(
1
12
,
5
12
; 1;−27∆
4D3
)
− 1
2π
F ∗
(
1
12
,
5
12
; 1;−27∆
4D3
)]
,
daD
du
= i
√
2
2
(−D)−1/42F1
(
1
12
,
5
12
; 1;−27∆
4D3
)
, (4.7)
with
F ∗(α, β; 1; z) = 2F1 (α, β; 1; z) ln z +
∞∑
n=0
(α)n(β)n
(n!)2
n−1∑
k=0
[
1
α+ n
+
1
β + n
− 2
n+ 1
]
. (4.8)
By integrating these series with respect to u and expressing everything in terms of aD, one
can easily obtain the genus zero prepotential F0. For the genus one prepotential F1 we can
use the formula
F1 = − 1
12
ln
(
daD
du
)
− 1
12
ln∆, (4.9)
obtained in [61], [62]; in the same papers we can find the higher genus prepotentials Fg,
g > 2 (although only for the massless case).
4.1 Argyres-Douglas theory H0
Let us start from the H0 theory thought as coming from the conformal point of SU(2) gauge
theory with Nf = 1; as discussed in [8], this fixed point is the same as the one studied in
[7]. The Seiberg-Witten curve is given by
y2 = z3 − 3cz + u, (4.10)
and the Seiberg-Witten differential is λ = ydz. This curve can be easily seen to coincide
with (3.5) which was obtained from the PI Lax pair, after an appropriate rescaling and
identification of the various terms. The parameters u and c in the curve are the vev of the
relevant operator O from the conformal point and the corresponding coupling ∫ d2θ1d2θ2cO,
and have dimensions 6/5 and 4/5 respectively. Therefore u parametrizes the Coulomb
branch of the theory. The discriminant of the curve is given by
∆ = 27(4c3 − u2). (4.11)
Its zeroes tell us the position of the singularities on the Coulomb branch moduli space; they
are located at
u1 = −2c3/2, u2 = 2c3/2. (4.12)
In the limit c → 0, the singularities collide to give the conformal point. Instead we are
interested in the other limit where c is large and consider the expansion around u1 or u2.
H0 expansion 1
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The genus zero prepotential around u1 can be easily computed and it is given by
2πiF0 = a
2
D
4
log
(
− a
2
D
248832c5/2
)
− 3a
2
D
4
+ b1aDc
5/4 + b2c
5/2
− 47a
3
D
288
√
3c5/4
+
7717a4D
497664c5/2
+O
(
a5D
)
,
(4.13)
with b1, b2 integration constants. The genus one prepotential is
F1 = − 1
12
ln
aD
6
√
3ic5/4
− 17aD
576
√
3c5/4
+
3677a2D
497664c5/2
+O(a3D). (4.14)
These coincide with the PI results of section 3.1 after identifying the parameters as ν = aD
and s = 6
√
3i c5/4.
H0 expansion 2
The genus zero prepotential around u2 is given by
2πiF0 = a
2
D
4
log
(
− a
2
D
248832c5/2
)
− 3a
2
D
4
+ b′1aDc
5/4 + b′2c
5/2
+
47a3D
288
√
3c5/4
+
7717a4D
497664c5/2
+O
(
a5D
)
.
(4.15)
The genus one prepotential is
F1 = − 1
12
ln
−aD
6
√
3ic5/4
+
17aD
576
√
3c5/4
+
3677a2D
497664c5/2
+O(a3D). (4.16)
These are the same expressions as above, where aD
c5/4
→ − aD
c5/4
.
4.2 Argyres-Douglas theory H1
There are two possible realizations for the Seiberg-Witten curve of H1; the first one is
y2 = z4 + 4cz2 + 2mz + u. (4.17)
It coincides with the expression (3.18) obtained from the Jimbo-Miwa PII Lax pair. The
second realization reads
y2 = z + c+
u
z
+
m2
z2
, (4.18)
and can be matched with (3.25) corresponding to the Flaschka-Newell PII Lax pair. The
H1 theory has an SU(2) flavor symmetry whose mass parameer is m. The role of u and c
are the same as that of the H0 theory. We will focus on the first realization (4.17) in the
following. Its discriminant
∆ = 256u3 − 2048u2c2 + 4096c4u+ 2304m2cu− 432m4 − 1024m2c3 (4.19)
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vanishes at (perturbatively in m small)
u1 =
m2
4c
+O(m4),
u2 = 4c
2 + 2
√
2imc1/2 − m
2
8c
+
im3
64
√
2c5/2
+O(m4),
u3 = 4c
2 − 2
√
2imc1/2 − m
2
8c
− im
3
64
√
2c5/2
+O(m4).
(4.20)
We therefore have three expansions, with the second and third one related by a Z2 symme-
try m↔ −m.
H1 expansion 1
The genus zero prepotential around u1 is given by
2πiF0 = a
2
D
4
ln
(
−8192c
3
a2D
)
+
3a2D
4
+ b1aDc
3/2 + b2c
3
+
17ia3D
192
√
2c3/2
+
125a4D
16384c3
+
13a2Dm
2
128c3
+O
(
a5D
)
.
(4.21)
The genus one prepotential reads
F1 = − 1
12
ln
−3iaD
16
√
2c3/2
− 31iaD
384
√
2c3/2
− 293a
2
D
16384c3
− 5m
2
768c3
+O
(
a3D
)
. (4.22)
These agree with the PII first expansion of section 3.2 for ν = −iaD, s = 16
√
2
3 c
3/2,
θ =
√
2m.
H1 expansion 2,3
The genus zero prepotential around u2 = u3 is quite hard to compute in gauge theory for
generic m, so we will just present the result for m = 0 which is given by
2πiF0 = − a
2
D
2
ln
(
− a
2
D
4096c3
)
+
3a2D
2
+ b′1aDc
3/2 + b′2c
3
− 17ia
3
D
96c3/2
+
125a4D
4096c3
+O
(
a5D
)
.
(4.23)
On the other hand, it is possible to compute the genus one prepotential at generic m; its
expansion around u2 reads
F1 = − 1
12
ln
(
3
a˜D +
m√
2
32c3/2
)
− 1
12
ln
(
3
a˜D − m√2
32c3/2
)
+
ia˜D
192c3/2
− 15a˜
2
D
4096c3
+
17m2
24576c3
+O
(
a˜3D
)
,
(4.24)
with
a˜D = aD − m√
2
, (4.25)
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while the one around u3 is given by the same formula with a˜D = aD +
m√
2
. These for-
mulae agree with the second PII tau function expansion of section 3.2 under parameter
identification ν = −ia˜D, s = 32i3 c3/2, θ = ±i
√
2m.
4.3 Argyres-Douglas theory H2
The Seiberg-Witten curve reads
y2 = z2 + 2cz + (2m˜+ c2) +
u+ 2cm−
z
+
m2−
z2
, (4.26)
where m− and m˜ are the mass parameters of the SU(3) flavor symmetry. The zeroes of
the discriminant (4.5) with
A = 2c,
B = c2 + 2m˜,
C = u+ 2cm˜,
D = m2−,
(4.27)
are located at (perturbatively in m˜, m− small)
u1 =
4c3
27
− 4cm˜
3
+
3m2− + m˜
2
c
+O(c−3),
u2 = −2c(m˜+m−)− 2m−(m˜+m−)
c
+O(c−3),
u3 =
m2− − m˜2
c
+O(c−3),
u4 = −2c(m˜−m−) + 2m−(m˜−m−)
c
+O(c−3).
(4.28)
We therefore expect four expansions for generic values of the masses, with the first one
qualitatively different from the other three (judging from the massless limit). Since compu-
tations with all masses turned on are too involved, here we present the results for F0 and
F1 at zero masses, case in which u2 = u3 = u4 and we only have two expansions.
H2 expansion 1 (massless)
The genus zero prepotential around u1 reads
2πiF0 = − a
2
D
4
ln
(
− a
2
D
24c4
)
+
3
4
a2D + b1aDc
2 + b2c
4
− ia
3
D√
6c2
+
35a4D
96c4
+O
(
a5D
)
.
(4.29)
The genus one prepotential instead is
F1 = − 1
12
ln
(
−
√
3aD√
2c2
)
+
i
√
2aD√
3c2
− 181a
2
D
96c4
+O
(
a3D
)
. (4.30)
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These expressions coincide with the results of the first PIV tau function expansion in sec-
tion 3.3 for ν = iaD, s = −i
√
2
3c
2.
H2 expansion 2,3,4 (massless)
The genus zero prepotential around u2 = u3 = u4 (with integration constants) can be easily
computed and it is given by
2πiF0 = − 3a
2
D
4
ln
(
− a
2
D
8c4
)
+
9
4
a2D + b
′
1aDc
2 + b′2c
4
+
3ia3D√
2c2
+
105a4D
32c4
+O
(
a5D
)
.
(4.31)
The genus one prepotential reads
F1 = −1
4
ln
(
− iaD√
2c2
)
− 3a
2
D
32c4
+O
(
a3D
)
. (4.32)
These expressions coincide with the results of the second expansion in section 3.3 for
ν = iaD, s = −
√
2c2.
5 Conclusions and discussions
We have studied in this paper the correspondence between four-dimensional N = 2 rank-one
theories and Painlevé transcendents. As argued in section 2, there is a direct relationship
between them bridged by a Riemann sphere with punctures and the Hitchin system on it.
In particular, we found that the Painlevé IV, II and I correspond to the rank-one SCFTs of
Argyres-Douglas type, so-called H2, H1 and H0 respectively. The long-distance expansions
of Painlevé tau functions have been checked to agree with the magnetic or dyonic expansions
of the partition functions of the corresponding four-dimensional theories.
While we have seen the agreement by expanding both functions, the correspondence is
not completely clear. Here we discuss some interesting directions to show the correspon-
dence, and generally to related topics:
• There is an important difference between the four-dimensional theory side and the
Painlevé side, which is the ρ variable in (2.28). This does not usually appear in
the four-dimensional theory side, rather in the ρ variable with the B-period aD, as
in (2.28). It would be interesting to understand better the four-dimensional theory
origin of this additional parameter.
• Although somehow clear from the point of view of the integrable system associated
to the Higgs bundle/Hitchin system, we are still lacking a good gauge theory un-
derstanding of the monodromy preserving condition for a deformation of the oper
connection.
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A
(1)
0 A
(1)
7
↓ ր ց
A
(1)
0 → A(1)1 → A(1)2 → A(1)3 → A(1)4 → A(1)5 → A(1)6 → A(1)
′
7 A
(1)
8
ց ց ց ց ց
A
(1)
0 → A(1)1 → A(1)2 → D(1)4 → D(1)5 → D(1)6 → D(1)7 → D(1)8
ց ց ց
E
(1)
6 → E(1)7 → E(1)8
Table 6. The list of affine root systems associated to discrete Painlevé equations.
E
(1)
8 A
(1)
1
↓ ր ց
E
(1)
8 → E(1)7 → E(1)6 → D(1)5 → A(1)4 → (A1 +A2)(1) → (A1 +A1)(1) → A(1)1 A(1)0
ց ց ց ց ց
E
(1)
8 → E(1)7 → E(1)6 → D(1)4 → A(1)3 → (A1 +A1)(1) → A(1)1 → A(1)0
ց ց ց
A
(1)
2 → A(1)1 → A(1)0
Table 7. The list of the symmetries of discrete Painlevé equations.
• In section 2 we discussed the theory of isomonodromic deformation with connection
A and the Hitchin moduli space, the space of the flat connection A. The sections of
A, that is the solutions (2.23) to the system of linear ODE, will now be those of the
flat connection A in the oper limit. The canonical sections of A and of its oper limit
can be used to construct triangulations of the punctured sphere C0,n on which the
connection lives; this triangulation might be the WKB or the Fock-Goncharov one
[4], although in [63] the authors explicitly affirmed that their triangulation is different
from the one in [4]. It would be interesting to understand better which triangulation
is the most natural one in the context of Painlevé theory; it might also be interesting
to see if one can give an explicit expression for these sections similar to what done
here for the tau function.
• The differential Painlevé equations we studied in this paper are a subset of a bigger
family of equations which also involves the finite-difference, q-difference and elliptic
Painlevé equations. All of them are classified in [25] based on rational surfaces and
associated actions of affine Weyl groups as in Table 6; the corresponding classification
by symmetries is listed in Table 7. More precisely the ones in the box, corresponding
to the confluence diagram in Figure 1, are the differential Painlevé equations we
considered, while the one on the left of the box are the difference Painlevé [64]; above
the box we have instead the q-difference Painlevé as well as the only elliptic one (the
upper left entry).
For the differential Painlevé, the symmetry is the same as (the non-Affine version
of) the flavor symmetry of the corresponding four-dimensional theory. In a similar
manner, one would notice that (the non-affine version of) the symmetry of the finite-
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difference equations at the left of the box is identified with the flavor symmetry of the
four-dimensional Minahan-Nemeschansky theories [65, 66]. Moreover, the symmetry
of the q-difference Painlevé associated to A(1)f above the box in Table 6 is identified
with the flavor symmetry of the five-dimensional SU(2) theory with 8− f flavors [67]
(with two possibilities of theta-angle θ = 0, π for the f = 0 theory) as well as “local
F0” [68]; the upmost left one, that is the only elliptic equation, would then correspond
to the five-dimensional SU(2) theory with NF = 8 which is actually believed to have a
UV completion in six dimensions. Therefore, the five-dimensional partition functions
of these theories are expected to be related to the solutions of the discrete Painlevé
equation. Indeed in [69, 70] it was argued that the latter agrees with q-deformed
Virasoro conformal blocks. With help of the five-dimensional AGT correspondence
[71] this is related to the Nekrasov partition function of five-dimensional SU(2) theory.
It would be interesting to pursue this point further.
• At the level of gauge theory it is very natural to have two parameters ǫ1, ǫ2; translated
in CFT language this corresponds to moving away from c = 1. The combination ǫ1+ǫ2
is expected to arise as the Planck constant when promoting q, p and the Hamiltonian
H(t) to quantum operators; this however takes us away from the theory of Painlevé
equations and might involve some quantum version of them. It would be interesting
to understand if the corresponding dynamics can be formulated as an isomonodromic
problem for a corresponding quantum Hitchin system and in such a context give an
interpretation to the quantum p̂ and q̂ operators.
• Isomonodromic deformation problems can be formulated on punctured Riemann sur-
faces of any genus and they can involve connections on any rank; it would therefore
be natural to study these more general problems in terms of CFT or four-dimensional
quiver theories along the lines pursued in this paper, taking into account the fact that
in this case there will be more deformation parameters. An initial study of higher
rank connections on a punctured Riemann sphere appeared in [72]; the higher genus
case seems to be much less studied in the literature, apart from the genus one case
with one regular puncture.
• The magnetic phase of the pure SU(2) SYM theory can be described in terms of a
Fermi gas and a resulting matrix model [73]. It would be interesting to investigate how
to use the results of this paper to extend to other examples the Fermi gas approach.
• relation to BPS spectra counting and quivers via triangulation of (bordered) Riemann
surface
• a proposal for S4 partition function of Argyres-Douglas theories can be formulated by
using the results on Painlevé. These provide a natural candidate for the perturbative
part of gauge theory partition function around AD points and we can use it to make
a proposal for the squashed S4 (recall that for Painlevé ǫ1+ ǫ2 = 0) partition function
in this regime.
– 31 –
Acknowledgements
We would like to thank Misha Bershtein, Sergio Cecotti, Bernard Julia, Piljin Yi for fruitful
and insightful discussions. K. M. and A. T. would like to thank the theory group in École
Normale Supérieure for warm hospitality. K. M. would like to thank ICTP and SISSA for
kind hospitality during the course of the project. A.S. would like to thank the Perimeter
Institute for its very kind hospitality during the course of this project. This research was
supported in part by Perimeter Institute for Theoretical Physics. Research at Perimeter
Institute is supported by the Government of Canada through Industry Canada and by the
Province of Ontario through the Ministry of Research and Innovation. The work of G.B. is
supported by the INFN Iniziativa Specifica ST&FI. The work of A.T. is supported by the
INFN Iniziativa Specifica GAST.
A Appendix A: Long-distance expansions for PIII1,2,3 and PV
In this Appendix we collect the long-distance expansions for the τ -functions of PIII3, PIII2,
PIII1 and PV which were not considered in Section 3.
A.1 Painlevé III3
A convenient Lax pair for PIII3 can be obtained by slightly modifying the one given in [74]
and is given by
A = A0 +
A1
z
+
A2
z2
=
(
pq
z 1− tzq
1
z − qz2 −pqz
)
, (A.1)
B = B0 +
B1
z
=
(
0 1q
q
tz 0
)
. (A.2)
The compatibility condition (2.8) requires
q˙ = −2pq
2
t
+
q
t
,
p˙ =
2pq2
t
− p
t
+
1
q2
− 1
t
,
(A.3)
and leads to the PIII3 equation
q¨ =
q˙2
q
− q˙
t
+
2q2
t2
− 2
t
. (A.4)
We can now take the trace
1
2
TrA2 =
t
z3
+
σIII3(t)
z2
+
1
z
, (A.5)
where
σIII3(t) = p
2q2 − q − t
q
. (A.6)
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The function σIII3(t) = t
d
dt ln τIII3(t) satisfies the σ-PIII3 Painlevé equation
(tσ¨III3)
2 = 4(σ˙III3)
2 (σIII3 − tσ˙III3)− 4σ˙III3 (A.7)
with respect to the dynamics given by (A.3). We find the following expansions for τIII3(t)
as t→ +∞, cf [55, Eqs. (3.13)-(3.15)]:
τ-PIII3 expansion
The asymptotic expansion of the tau function on the ray arg t = 0 (i.e. s ∈ R) reads
τIII3(t) = s
1
6
∑
n∈Z
einρG(ν + n, s), t = 2−12s4,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
ν
2 e
s2
16
+iνs+ iπν
2
4 s
1
12
− ν2
2 2−ν
2
G(1 + ν),
(A.8)
where the first few coefficients are given by
D1(ν) = − iν(2ν
2 − 1)
8
,
D2(ν) = −ν
2(4ν4 + 16ν2 − 11)
128
.
(A.9)
From the number of Barnes functions we see that there is only one light particle in this
sector. We therefore get
ln
[
G
(ν
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, s) (A.10)
with
F0(ν, s) = s
2
16
+ iνs+
ν2
2
ln
iν
4s
− 3ν
2
4
− iν
3
4s
− 5ν
4
32s2
+O(s−3),
F1(ν, s) = ζ ′(−1)− 1
12
ln
ν
s
+
iν
8s
+
3ν2
32s2
+O(s−3),
F2(ν, s) = − 1
240ν2
+O(s−3),
Fg(ν, s) = . . . .
(A.11)
A.2 Painlevé III2
Again, we will take as the Lax pair for PIII2 the one obtained by slightly modifying the
Lax pair given in [74]; explicitly, we have
A = A0 +
A1
z
+
A2
z2
=
=
 t2 + θ∗z + 2pq2−2qθ∗−tq22z2 4p2q4−4tpq4+t2q4−4q2θ2∗−4q4q2z + (2pq2−tq2−2qθ∗)24qz2
1
z − qz2 − t2 − θ∗z − 2pq
2−2qθ∗−tq2
2z2
 , (A.12)
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B = B0 +B1z =
(
z
2 +
tq+2θ∗
2t
4p2q4−4tpq4+t2q4−4q2θ2∗−4q
4tq2
1
t − z2 − tq+2θ∗2t
)
. (A.13)
The compatibility condition (2.8) requires
q˙ = −2pq
2
t
,
p˙ =
2pq2
t
+
1
tq2
− tq
2
+
1
2
− θ∗,
(A.14)
and leads to the PIII2 equation
q¨ =
q˙2
q
− q˙
t
+ q3 − q
2(1− 2θ∗)
t
− 2
t2
. (A.15)
The trace
1
2
TrA2 =
1
z3
+
σIII2
z2
+
tθ∗
z
+
t2
4
(A.16)
contains the function
σIII2(t) = p
2q2 − q
2t2
4
− tqθ∗ − 1
q
, (A.17)
whih satisfies the σ-PIII2 equation
(tσ¨III2)
2 = 4(σ˙III2)
2 (σIII2 − tσ˙III2)− 4θ∗σ˙III2 + 1 (A.18)
with respect to the dynamics generated by (A.14). By defining σIII2(t) = t
d
dt ln τIII2(t), we
find the following expansions for τIII2(t):
τ-PIII2 expansion
The following asymptotic expansion is valid along the two rays arg t = ±π2 (i.e. s ∈ iR)
and has the form
τIII2(t) = s
θ2∗
∑
n∈Z
einρG(ν +
√
3n, s), 54t = s3,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)
− ν
2
√
3 e−
s2
8
+νs+ iπν
2
2
−θ∗ss
1
12
− ν2
6 2−
ν2
3 3−
ν2
4 G
(
1 +
ν√
3
)
,
(A.19)
where the first few coefficients are given by
D1(ν) =− 5ν
3
108
+
2θ∗
3
ν2 −
(
2θ2∗ −
13
72
)
ν +
θ∗(4θ2∗ − 1)
3
,
D2(ν) =
25ν6
23328
− 5θ∗
162
ν5 +
612θ2∗ − 145
1944
ν4 − θ∗(113θ
2
∗ − 68)
81
ν3
+
(
26θ4∗
9
− 35θ
2
∗
12
+
767
3456
)
ν2 − θ∗(576θ
4
∗ − 772θ2∗ + 145)
216
ν +
2θ2∗(4θ
4
∗ − 5θ2∗ + 1)
9
.
(A.20)
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From the number of Barnes G-functions we see that there is only one light particle in this
sector. From these expressions we deduce
ln
[
G
(
ν
ǫ
,
θ∗
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ∗, s), (A.21)
where we have, for instance,
F0(ν, θ∗, s) = −s
2
8
+ νs− θ∗s+ ν
2
6
ln
e3πiν
36s
− ν
2
4
− 5ν
3
108s
+
2θ∗ν2
3s
− 2θ
2
∗ν
s
+
4θ3∗
3s
− 515ν
4
7776s2
+
19θ∗ν3
27s2
− 7θ
2
∗ν
2
3s2
+
8θ3∗ν
3s2
− 2θ
4
∗
3s2
+O(s−3),
F1(ν, θ∗, s) = ζ ′(−1)− 1
12
ln
ν√
3s
+
13ν
72s
− θ∗
3s
+
533ν2
2592s2
− 11θ∗ν
18s2
+
θ2∗
6s2
+O(s−3),
F2(ν, θ∗, s) = − 1
80ν2
+O(s−3),
Fg(ν, θ∗, s) = . . . .
(A.22)
A.3 Painlevé III1
The Lax pair for PIII1 (i.e. generic Painlevé III equation) can be obtained from the one
given in [33] by modifying it according to the discussion in [22]11; explicitly, we have
A = A0 +
A1
z
+
A2
z2
=
=
( √
t
2 − θ∗z +
√
t(2p−1)
2z2
−pquz −
√
tpu
z2
2pq−2p2q+2(θ∗+θ⋆)−4pθ∗
2puz +
√
t(p−1)
uz2
−
√
t
2 +
θ∗
z −
√
t(2p−1)
2z2
)
,
(A.23)
B =
B0
z
+B1 + zB2 =
(
z
4
√
t
+ 1−2p
4
√
tz
−pqu2t + pu2√tz
2pq−2p2q+2(θ∗+θ⋆)−4pθ∗
4tpu +
1−p
2
√
tuz
− z
4
√
t
− 1−2p
4
√
tz
)
. (A.24)
The compatibility condition (2.8) requires
u˙ =
u
t
(
θ∗ − θ∗ + θ⋆
p
− q
)
,
q˙ = 1− q
2
t
+
2pq2
t
+
2qθ∗
t
,
p˙ =
2pq
t
− 2p
2q
t
+
θ∗ + θ⋆
t
− 2pθ∗
t
,
(A.25)
and leads to the PIII1 equation
q¨ =
q˙2
q
− q˙
t
+
q3
t2
+
2q2θ⋆
t2
+
1− 2θ∗
t
− 1
q
. (A.26)
The trace
1
2
TrA2 =
t
4z4
−
√
tθ⋆
z3
+
σIII1
z2
−
√
tθ∗
z
+
t
4
(A.27)
11We will not discuss the Lax pair for PVdeg; this can be found for example in [74].
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involves the function
σIII1(t) = p
2q2 − pq2 + pt+ 2pqθ∗ − q(θ∗ + θ⋆)− t
2
+ θ2∗. (A.28)
This function satisfies the σ-form of PIII1 equation
(tσ¨III1)
2 = (4σ˙2III1 − 1) (σIII1 − tσ˙III1)− 4θ∗θ⋆σ˙III1 + θ2∗ + θ2⋆ (A.29)
with respect to the dynamics given by (A.25). Introducing the tau function by σIII1(t) =
t ddt ln τIII1(t), we find the following expansions:
τ-PIII1 expansion
The asymptotic series for τIII1(t) on the ray arg t = 0 (i.e. s ∈ R) has the form
τIII1(t) = s
− 1
6
+θ2∗+θ
2
⋆
∑
n∈Z
einρG(ν + n, s), t = s
2
16
,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−νe
s2
32
+iνs+ iπν
2
2 s−ν
2+ 1
6
+
−θ2∗+2θ∗θ⋆−θ
2
⋆
4 2−ν
2
G
(
1 + ν +
θ∗ − θ⋆
2
)
G
(
1 + ν − θ∗ − θ⋆
2
)
,
(A.30)
where the first few coefficients are given by
D1(ν) =− iν
(
ν2 − 9θ
2
∗ + 14θ∗θ⋆ + 9θ
2
⋆ − 2
4
)
,
D2(ν) =− ν
6
2
+
9θ2∗ + 14θ∗θ⋆ + 9θ
2
⋆ − 7
4
ν4
−
((
9θ2∗ + 14θ∗θ⋆ + 9θ
2
⋆
)2
32
− 15θ
2
∗ + 26θ∗θ⋆ + 15θ
2
⋆
2
+
15
8
)
ν2
− (θ∗ − θ⋆)
2(33θ2∗ + 62θ∗θ⋆ + 33θ
2
⋆ − 12)
64
.
(A.31)
The number of Barnes functions implies that this sector contains an SU(2) doublet of light
particles. We then obtain
ln
[
G
(
ν
ǫ
,
θ∗
ǫ
,
θ⋆
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ∗, θ⋆, s), (A.32)
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where, in particular,
F0(ν, θ∗, θ⋆, s) = s
2
32
+ iνs+
(ν + θ∗/2 − θ⋆/2)2
2
ln
ν + θ∗/2− θ⋆/2
s
+
(ν − θ∗/2 + θ⋆/2)2
2
ln
ν − θ∗/2 + θ⋆/2
s
− ν2 ln 2 + iπ ν
2
2
− 3ν
2
2
− 3(θ∗ − θ⋆)
2
8
− iν
3
s
+
i(9θ2∗ + 14θ∗θ⋆ + 9θ
2
⋆)ν
4s
− 5ν
4
4s2
+
(51θ2∗ + 90θ∗θ⋆ + 51θ
2
⋆)ν
2
8s2
− (θ∗ − θ⋆)
2(33θ2∗ + 62θ∗θ⋆ + 33θ
2
⋆)
64s2
+O(s−3),
F1(ν, θ∗, θ⋆, s) = 2ζ ′(−1)− 1
12
ln
ν + θ∗/2− θ⋆/2
s
− 1
12
ln
ν − θ∗/2 + θ⋆/2
s
− iν
2s
− 7ν
2
4s2
+
3(θ∗ − θ⋆)2
16s2
+O(s−3),
F2(ν, θ∗, θ⋆, s) = − 1
240(ν + θ∗/2− θ⋆/2)2 −
1
240(ν − θ∗/2 + θ⋆/2)2 +O(s
−3),
Fg(ν, θ∗, θ⋆, s) = . . . .
(A.33)
The asymptotic series on the ray arg t = π can be obtained from the above expansion using
the symmetry t → −t, θ∗ → −θ∗ of Painlevé III1. Unlike in PII, PIV and PV case below,
the quadratic term in the exponential is present in both expansions.
A.4 Painlevé V
The PV Lax pair is given by [33]
A = A0 +
A1
z
+
A2
z − 1 =
=
 t2 + 1z (pq + θ02 )− 1z−1(pq + θ0+θ∞2 ) −upq+θ0z + uq pq+(θ0−θ1+θ∞)/2z−1
pq
zu − pq+(θ0+θ1+θ∞)/2(z−1)qu − t2 − 1z (pq + θ02 ) + 1z−1(pq + θ0+θ∞2 )
 , (A.34)
B = B0 +B1z =
 z/2 −upq + θ0 − q(pq + (θ0 − θ1 + θ∞)/2)t
1
tu(pq − p− θ0+θ1+θ∞2q ) −z/2
 .
(A.35)
The compatibility condition (2.8) gives
u˙ =
u
2tq
[
2pq(1− q)2 + θ0 + θ1 + θ∞ − 2qθ0 + q2(θ0 − θ1 + θ∞)
]
,
q˙ =
1
2t
[−4pq(1− q)2 − 3θ0 − θ1 − θ∞ + 2q(t+ 2θ0 + θ∞)− q2(θ0 − θ1 + θ∞)] ,
p˙ =
1
2tq2
[
2q2p2(1− 4q + 3q2) + 2q2p(q(θ0 − θ1 + θ∞)− 2θ0 − θ∞ − t)− θ0(θ0 + θ1 + θ∞)
]
,
(A.36)
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from which one can extract the PV equation
q¨ =
q˙2
2q
+
q˙2
q − 1 −
q˙
t
+ q
1− θ0 − θ1
t
− q q + 1
2(q − 1)
+
(q − 1)2
t2
(
q
(θ0 − θ1 + θ∞)2
8
− (θ0 − θ1 − θ∞)
2
8q
)
.
(A.37)
The trace
1
2
TrA2 =
t2
4
+
θ20
4z2
+
θ21
4(z − 1)2 +
−U(t)− tθ∞/4
z
+
U(t)− tθ∞/4
z − 1 (A.38)
contains the function
U(t) = −pqt− tθ0 + θ∞
2
+ t
θ∞
4
− θ
2
0 + θ
2
1 − θ2∞
4
−
(
pq − 1
q
(
pq +
θ0 + θ1 + θ∞
2
))(
pq + θ0 − q
(
pq +
θ0 − θ1 + θ∞
2
))
.
(A.39)
The σ-PV equation is satisfied by the combination
σV (t) = U(t) + t
θ∞
4
+
θ20 + θ
2
1 − θ2∞
4
+
t
2
(θ0 + θ∞) +
(θ0 + θ∞)2 − θ21
4
. (A.40)
It is explicitly written as
(tσ¨V )
2 =
(
σV − tσ˙V + 2σ˙2V − (2θ0 + θ∞)σ˙V
)2
− 4σ˙V (σ˙V − θ0)
(
σ˙V − θ0 − θ1 + θ∞
2
)(
σ˙V − θ0 + θ1 + θ∞
2
)
.
(A.41)
From this one can easily extract the τ -PV equation. We prefer to redefine
ζV (t) = σV (t) +
(2θ0 + θ∞)2
8
+
2θ0 + θ∞
4
t, (A.42)
and change the notation as θ0 → 2θt, θ1 → 2θ0, θ∞ → 2θ∗, so that (A.41) becomes(
tζ¨V
)2
=
(
ζV − tζ˙V + 2ζ˙2V
)2 − 1
4
((
2ζ˙V − θ∗
)2 − 4θ20)((2ζ˙V + θ∗)2 − 4θ2t) . (A.43)
The function ζV (t) is related to the tau function via
ζV (t) = t
d
dt
ln
(
e−
θ∗t
2 t−θ
2
0−θ2t−
θ2∗
2 τV (t)
)
. (A.44)
This tau function admits the following long-distance expansions along the canonical rays
arg t = 0, π,±π2 :
τ-PV expansion 1
– 38 –
On the rays arg t = 0, π (i.e. s ∈ R) we can write
τV (t) = s
− 1
3
+2θ20+2θ
2
t+θ
2
∗
∑
n∈Z
einρG(ν + n, s), t = 2s,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−
ν
2 e
s2
8
+iνs− iπν2
4
+θ∗ss−
ν2
2
+ 1
12 2−ν
2
G (1 + ν) ,
(A.45)
where the first few coefficients are given by
D1(ν) =− iν
3
4
+
iν
(
32θ20 + 32θ
2
t + 16θ
2
∗ − 7
)
8
− 4θ∗
(
θ20 − θ2t
)
,
D2(ν) =− ν
6
32
+
(
8θ20 + 8θ
2
t + 4θ
2
∗ − 3
)
ν4
8
+ iθ∗
(
θ20 − θ2t
)
ν3
−
(
2
(
2θ20 + 2θ
2
t + θ
2
∗
)2 − 19
4
(
2θ20 + 2θ
2
t + θ
2
∗
)
+
229
128
)
ν2
− iθ∗(θ
2
0 − θ2t )(32θ20 + 32θ2t + 16θ2∗ − 39)ν
2
+
(
4θ2∗ − 1
) (
2
(
θ20 − θ2t
)2 − θ20 − θ2t + 18
)
.
(A.46)
It can be deduced from the number of Barnes functions that there is a single light particle
in this sector. From these expressions we get
ln
[
G
(
ν
ǫ
,
θ∗
ǫ
,
θ0
ǫ
,
θt
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ∗, θ0, θt, s), (A.47)
where
F0(ν, θ∗, θ0, θt, s) = s
2
8
+ iνs+ θ∗s+
ν2
2
ln
ν
4is
− 3ν
2
4
− iν
3
4s
+
2iν(2θ20 + 2θ
2
t + θ
2
∗)
s
− 4θ∗(θ
2
0 − θ2t )
s
− 5ν
4
32s2
+
3(2θ20 + 2θ
2
t + θ
2
∗)ν
2
s2
+
16iθ∗(θ20 − θ2t )ν
s2
− 2(θ
2
0 − θ2t )2 + 4(θ20 + θ2t )θ2∗
s2
+O(s−3),
F1(ν, θ∗, θ0, θt, s) = ζ ′(−1)− 1
12
ln
ν
s
− 7iν
8s
− 45ν
2
32s2
+
2θ20 + 2θ
2
t + θ
2
∗
2s2
+O(s−3),
F2(ν, θ∗, θ0, θt, s) = − 1
240ν2
− 1
8s2
+O(s−3),
Fg(ν, θ∗, θ0, θt, s) = . . . .
(A.48)
τ-PV expansion 2
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On the complementary rays arg t = ±π2 (i.e. s ∈ iR) we can write
τV (t) = s
− 1
3
+2θ20+2θ
2
t+θ
2
∗
∑
n∈Z
einρG(ν + n, s), t = s,
G(ν, s) = C(ν, s)
[
1 +
∞∑
k=1
Dk(ν)
sk
]
,
C(ν, s) = (2π)−2νeνs+
θ∗s
2 s−2ν
2+ 1
3
−θ20−θ2t−
θ2∗
2 2−2ν
2
G
(
1 + ν + θ0 − θ∗
2
)
×
×G
(
1 + ν + θt +
θ∗
2
)
G
(
1 + ν − θ0 − θ∗
2
)
G
(
1 + ν − θt + θ∗
2
)
,
(A.49)
where the first few coefficients are given by
D1(ν) =4ν
3 − (2θ20 + 2θ2t + θ2∗) ν + θ∗ (θ2t − θ20) ,
D2(ν) =8ν
6 − 2 (4θ20 + 4θ2t + 2θ2∗ − 5) ν4 + 4θ∗ (θ2t − θ20) ν3
+
1
2
(
2θ20 + 2θ
2
t + θ
2
∗
) (
2θ20 + 2θ
2
t + θ
2
∗ − 6
)
ν2 − θ∗(θ2t − θ20)(2θ20 + 2θ2t + θ2∗ − 4)ν
+
4θ2∗
(
θ2t − θ20
)2
+
(
θ2∗ − 4θ20
) (
θ2∗ − 4θ2t
)
8
.
(A.50)
From the number of Barnes G-functions it follows that there is an SU(4) quartet of light
particles in this sector. This expansion is equivalent to the one proposed in [58, Conjecture
4.1]. The function G(ν, s) is interpreted there as c = 1 Virasoro conformal block that
involves irregular vertex operators intertwining two Whittaker modules of rank 1. From
this we recover
ln
[
G
(
ν
ǫ
,
θ∗
ǫ
,
θ0
ǫ
,
θt
ǫ
,
s
ǫ
)]
=
∑
g>0
ǫ2g−2Fg(ν, θ∗, θ0, θt, s), (A.51)
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where
F0(ν, θ∗, θ0, θt, s) = νs+ θ∗s
2
− 2ν2 ln 2 + (ν + θ0 − θ∗/2)
2
2
ln
ν + θ0 − θ∗/2
s
+
(ν − θ0 − θ∗/2)2
2
ln
ν − θ0 − θ∗/2
s
+
(ν + θt + θ∗/2)2
2
ln
ν + θt + θ∗/2
s
+
(ν − θt + θ∗/2)2
2
ln
ν − θt + θ∗/2
s
− 3(4ν
2 + 2θ20 + 2θ
2
t + θ
2
∗)
4
+
4ν3
s
− ν(2θ
2
0 + 2θ
2
t + θ
2
∗)
s
− θ∗(θ
2
0 − θ2t )
s
+
10ν4
s2
− 3(2θ
2
0 + 2θ
2
t + θ
2
∗)ν
2
s2
− 4θ∗(θ
2
0 − θ2t )ν
s2
+
(θ2∗ − 4θ20)(θ2∗ − 4θ2t )
8s2
+O(s−3),
F1(ν, θ∗, θ0, θt, s) = 4ζ ′(−1) − 1
12
ln
ν + θ0 − θ∗/2
s
− 1
12
ln
ν − θ0 − θ∗/2
s
− 1
12
ln
ν + θt + θ∗/2
s
− 1
12
ln
ν − θt + θ∗/2
s
+O(s−3),
F2(ν, θ∗, θ0, θt, s) = − 1
240(ν + θ0 − θ∗/2)2 −
1
240(ν − θ0 − θ∗/2)2
− 1
240(ν + θt + θ∗/2)2
− 1
240(ν − θt + θ∗/2)2 +O(s
−3),
Fg(ν, θ∗, θ0, θt, s) = . . . .
(A.52)
B Appendix B: Strong-coupling expansions for SQCD
In this Appendix we compute the lowest genera prepotentials Fg for 4d N = 2 SQCD which
were not considered in Section 4.
B.1 N = 2 SU(2) SQCD - Nf = 0
The Seiberg-Witten curve for N = 2 SU(2) with Nf = 0 reads [4]
y2 =
Λ2
z3
+
2u
z2
+
Λ2
z
. (B.1)
In this representation it coincides with (A.5). For computations it is actually more conve-
nient to use the equivalent representation [60]
y2 =
(
x2 − u)2 − Λ4. (B.2)
The zeroes of the discriminant
∆ = 256Λ8(u2 − Λ4) (B.3)
tell us the position of the singularities (apart the one at u = ∞) of the Coulomb branch
moduli space; in this case, these are located at
u1 = Λ
2, u2 = −Λ2. (B.4)
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We will therefore have two expansions for the genus zero prepotential F0, obtained from
(4.7) evaluated around u1 and u2 respectively; these will be related by the Z2 symmetry
Λ→ iΛ that interchanges u1 with u2.
Nf = 0 expansion 1
The genus zero prepotential around u1 (with integration constants) can be easily computed
and it is given by
2πiF0 = a
2
D
4
ln
(
28
(Λe−iπ/2)2
a2D
)
+
3
4
a2D + b1aDΛ+ b2Λ
2
+
a3D
16(Λe−iπ/2)
− 5a
4
D
512(Λe−iπ/2)2
+
11a5D
4096(Λe−iπ/2)3
+ . . .
(B.5)
The genus one contribution is
F1 = − 1
12
ln
aD
4Λe−iπ/2
+
aD
25(Λe−iπ/2)
− 3a
2
D
29(Λe−iπ/2)2
+O(Λ−3). (B.6)
These agree with the first expansion of Section A.1 for ν = iaD and s = 4iΛ. Notice also
that the Painlevé asymptotics determines the constants b1 and b2 appearing in the gauge
theory computation of F0.
Nf = 0 expansion 2
Similarly, the genus zero prepotential around u2 (again with integration constants) reads
2πiF0 = a
2
D
4
ln
(
28
(Λeiπ/2)2
a2D
)
+
3
4
a2D ++b
′
1aDΛ+ b
′
2Λ
2
+
a3D
16(Λeiπ/2)
− 5a
4
D
512(Λeiπ/2)2
+
11a5D
4096(Λeiπ/2)3
+ . . .
(B.7)
The genus one
F1 = − 1
12
ln
aD
4Λeiπ/2
+
aD
25(Λeiπ/2)
− 3a
2
D
29(Λeiπ/2)2
+O(Λ−3). (B.8)
These are the same expressions as above with aDΛ → −aDΛ .
B.2 N = 2 SU(2) SQCD - Nf = 1
The Seiberg-Witten curve for N = 2 SU(2) with Nf = 1 is given by [4]
y2 =
Λ2
z3
+
3u
z2
+
2Λm
z
+Λ2. (B.9)
In this representation it coincides with (A.16). For computations we will use the equivalent
representation [60]
y2 =
(
x2 − u)2 − Λ3(x+m). (B.10)
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The zeroes of the discriminant
∆ = −Λ6(256u3 − 256m2u2 − 288muΛ3 + 256m3Λ3 + 27Λ3) (B.11)
are located at (perturbatively in m small)
u1 = −3
4
Λ2
22/3
− mΛ
21/3
+
m2
3
+O(m3),
u2 = −3
4
(e2πi/3Λ)2
22/3
− m(e
2πi/3Λ)
21/3
+
m2
3
+O(m3),
u3 = −3
4
(e4πi/3Λ)2
22/3
− m(e
4πi/3Λ)
21/3
+
m2
3
+O(m3).
(B.12)
We therefore expect three expansions related by Z3 symmetry.
Nf = 1 expansion 1
The genus zero prepotential around u1 reads
2πiF0 =a
2
D
4
ln
(
27/335
(Λe−iπ/2)2
a2D
)
+
3
4
a2D + b1(Λ,m)aD + b2(Λ,m)
− 5a
3
D
18
√
3 21/6(Λe−iπ/2)
+
24/3(im)a2D
3(Λe−iπ/2)
+
515a4D
21/31944(Λe−iπ/2)2
− 2
1/638(im)a3D
27
√
3(Λe−iπ/2)2
+
22/37(im)2a2D
9(Λe−iπ/2)2
− 10759a
5
D
17496
√
6(Λe−iπ/2)3
+
805(im)a4D
729(Λe−iπ/2)3
− 55
√
2(im)2a3D
27
√
3(Λe−iπ/2)3
+
80(im)3a2D
81(Λe−iπ/2)3
+ . . . .
(B.13)
The genus one contribution is
F1 = − 1
12
ln
2aD
(21/63Λe−iπ/2)
− 13aD
21/636
√
3(Λe−iπ/2)
+
21/3(im)
9(Λe−iπ/2)
+
533a2D
21/31944(Λe−iπ/2)2
− 2
1/611(im)aD
27
√
3(Λe−iπ/2)2
+
(im)2
21/327(Λe−iπ/2)2
+O(Λ−3).
(B.14)
Nf = 1 expansion 2
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The genus zero prepotential around u2 reads
2πiF0 =a
2
D
4
ln
(
27/335
(Λe2iπ/3)2
a2D
)
+
3
4
a2D + b
′
1(Λ,m)aD + b
′
2(Λ,m)
− 5a
3
D
18
√
3 21/6(Λe2iπ/3)
+
24/3(−m)a2D
3(Λe2iπ/3)
+
515a4D
21/31944(Λe2iπ/3)2
− 2
1/638(−m)a3D
27
√
3(Λe2iπ/3)2
+
22/37(−m)2a2D
9(Λe2iπ/3)2
− 10759a
5
D
17496
√
6(Λe2iπ/3)3
+
805(−m)a4D
729(Λe2iπ/3)3
− 55
√
2(−m)2a3D
27
√
3(Λe2iπ/3)3
+
80(−m)3a2D
81(Λe2iπ/3)3
+ . . . ,
(B.15)
while the genus one is
F1 = − 1
12
ln
2aD
(21/63Λe2iπ/3)
− 13aD
21/636
√
3(Λe2iπ/3)
+
21/3(−m)
9(Λe2iπ/3)
+
533a2D
21/31944(Λe2iπ/3)2
− 2
1/611(−m)aD
27
√
3(Λe2iπ/3)2
+
(−m)2
21/327(Λe2iπ/3)2
+O(Λ−3).
(B.16)
Nf = 1 expansion 3
The genus zero prepotential around u3 reads
2πiF0 =a
2
D
4
ln
(
27/335
(Λeiπ/3)2
a2D
)
+
3
4
a2D + b
′′
1(Λ,m)aD + b
′′
2(Λ,m)
− 5a
3
D
18
√
3 21/6(Λeiπ/3)
+
24/3ma2D
3(Λeiπ/3)
+
515a4D
21/31944(Λeiπ/3)2
− 2
1/638ma3D
27
√
3(Λeiπ/3)2
+
22/37m2a2D
9(Λeiπ/3)2
− 10759a
5
D
17496
√
6(Λeiπ/3)3
+
805ma4D
729(Λeiπ/3)3
− 55
√
2m2a3D
27
√
3(Λeiπ/3)3
+
80m3a2D
81(Λeiπ/3)3
+ . . . ,
(B.17)
while the genus one is
F1 = − 1
12
ln
2aD
(21/63Λeiπ/3)
− 13aD
21/636
√
3(Λeiπ/3)
+
21/3m
9(Λeiπ/3)
+
533a2D
21/31944(Λeiπ/3)2
− 2
1/611maD
27
√
3(Λeiπ/3)2
+
m2
21/327(Λeiπ/3)2
+O(Λ−3).
(B.18)
These three expansions agree with the results of Section A.2 under identification ν =
∓i√3aD, s = ±i2−5/63ΛeiθΛ and θ∗ = ∓i2−1/2meiθm , with θΛ = −π2 , θm = π2 for the first
expansion, θΛ = 2π3 , θm = π for the second expansion and θΛ =
π
3 , θm = 0 for the third
expansion.
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B.3 N = 2 SU(2) SQCD - Nf = 2
The Seiberg-Witten curve for N = 2 SU(2) with Nf = 2 is given by [4]
y2 =
Λ2
z4
+
2Λm1
z3
+
4u
z2
+
2Λm2
z
+ Λ2 (first realization)
y2 =
m2+
z2
+
m2−
(z − 1)2 +
Λ2 + u
2z
+
Λ2 − u
2(z − 1) (second realization)
(B.19)
In the first realization it coincides with (A.27); the second realization can be shown to
coincide with the spectral curve for PVdeg by making use of the explicit expression for its Lax
pair given for example in [74]. For computations we will use the equivalent representation
[60]
y2 =
(
x2 − u+ Λ
2
8
)2
− Λ2(x+m1)(x+m2). (B.20)
The zeroes of the discriminant
∆ = 16B4D + 256D3 − 128B2D2 − 4B3C2 − 27C4 + 144BC2D (B.21)
with
B = −2u− 3Λ
2
4
,
C = −Λ2(m1 +m2),
D = u2 − uΛ
2
4
+
Λ4
64
− Λ2m1m2,
(B.22)
are located at (perturbatively in m1, m2 small)
u1 = −Λ
2
8
− Λ(m1 +m2)
2
+
(m1 −m2)2
4
+O(Λ−1),
u2 = −Λ
2
8
+
Λ(m1 +m2)
2
+
(m1 −m2)2
4
+O(Λ−1),
u3 =
Λ2
8
+
iΛ(m1 −m2)
2
+
(m1 +m2)
2
4
+O(Λ−1),
u4 =
Λ2
8
− iΛ(m1 −m2)
2
+
(m1 +m2)
2
4
+O(Λ−1).
(B.23)
We therefore expect four expansions for generic values of the masses. Unfortunately, com-
putations with all masses turned on are quite cumbersome; here we present the results for
F0 and F1 at zero masses (in which u1 = u2 and u3 = u4), and later we will give the
expression for F1 at generic masses.
Nf = 2 expansion 1,2 (massless)
The genus zero prepotential around u1 = u2 (with integration constants) can be easily
computed and it is given by
2πiF0 = a
2
D
2
ln
(
−8Λ
2
a2D
)
+
3
2
a2D + b1aDΛ+ b2Λ
2 +
ia3D√
2Λ
+
5a4D
8Λ2
+ . . . (B.24)
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The genus one contribution is
F1 = − 1
6
ln
aD√
2Λ
− iaD
2
√
2Λ
− 7a
2
D
8Λ2
+O(Λ−3). (B.25)
These expressions coincide with the massless case of the PIII1 expansion of Section A.3
under identification ν = iaD, s = i
√
2Λ.
Nf = 2 expansion 3,4 (massless)
The genus zero prepotential around u3 = u4 (with integration constants) is given by the
expansion
2πiF0 = a
2
D
2
ln
(
−8Λ
2
a2D
)
+
3
2
a2D + b
′
1aDΛ+ b
′
2Λ
2 − ia
3
D√
2Λ
+
5a4D
8Λ2
+ . . . (B.26)
The genus one counterpart is
F1 = − 1
6
ln
−aD√
2Λ
+
iaD
2
√
2Λ
− 7a
2
D
8Λ2
+O(Λ−3). (B.27)
These expansions match the massless case of the expansion of Section A.3 for ν = −iaD,
s = i
√
2Λ.
Nf = 2 expansion 1 (massive)
Genus one prepotential around u1 (modulo constants in the logarithms):
F1 = − 1
12
ln
(
a˜D − im1+m22√2√
2Λ
)
− 1
12
ln
(
a˜D + i
m1+m2
2
√
2√
2Λ
)
− ia˜D
2
√
2Λ
− 7a˜
2
D
8Λ2
− 3(m1 +m2)
2
64Λ2
+O(Λ−3),
(B.28)
with
a˜D = aD − im1 +m2
2
√
2
. (B.29)
This coincides with the massive case of the expansion of Section A.3 under identification
ν = ia˜D, s =
√
2iΛ and θ∗ − θ⋆ = m1+m2√2 . The results for the other three expansions are
very similar and can be obtained by a change of signs in the parameters.
B.4 N = 2 SU(2) SQCD - Nf = 3
The Seiberg-Witten curve for N = 2 SU(2) with Nf = 3 is given by [4]
y2 =
m2+
z2
+
m2−
(z − 1)2 +
2Λm+ u
2z
+
2Λm− u
2(z − 1) + Λ
2. (B.30)
In this representation it coincides with (A.38). For computations we will use the equivalent
representation [60]
y2 =
(
x2 − u+ Λ
4
(
x+
m1 +m2 +m3
2
))2
− Λ(x+m1)(x+m2)(x+m3). (B.31)
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Here we will only consider the massless case, in which the zeroes of the discriminant (4.5)
are located at
u1 =
Λ2
256
, u2 = u3 = u4 = u5 = 0. (B.32)
We will therefore have two different expansions.
Nf = 3 expansion 1 (massless)
The genus zero prepotential around u1 is given by
2πiF0 = a
2
D
4
ln
(
− Λ
2
8a2D
)
+
3a2D
4
+ b1aDΛ+ b2Λ
2 − i2
√
2a3D
Λ
+
20a4D
Λ2
+ . . . . (B.33)
The genus one reads instead
F1 = − 1
12
ln
(
−8
√
2aD
Λ
)
+
i7
√
2aD
Λ
− 180a
2
D
Λ2
+O(Λ−3). (B.34)
This can be matched with the results of the massless case of the first expansion in Sec-
tion A.4 via ν = −iaD, s = iΛ8√2 .
Nf = 3 expansion 2,3,4,5 (massless)
The genus zero prepotential around u2 = u3 = u4 = u5 is given by
2πiF0 = a2D ln
(
− Λ
2
32a2D
)
+ 3a2D + b
′
1aDΛ + b
′
2Λ
2 +
i16
√
2a3D
Λ
+
320a4D
Λ2
+ . . . , (B.35)
while the genus one reads
F1 = − 1
3
ln
(
−4
√
2iaD
Λ
)
+O(Λ−3). (B.36)
This can be matched with the results of the massless case of the second expansion in
Section A.4 by identifying ν = iaD, s = − Λ4√2 .
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